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A SIX-PART SURVEY 


Rocket Heat-Transfer Literature 


The survey has been divided into the following parts: 


Rocket-Engine Heat Sources 

Rocket Cooling Techniques 

Nozzle Wall Materials 

Variable Fluid-Property Effects 
Predictions of Thermal Properties 
Flow Separation and Acoustic Effects 


Introduction 


I. RECENT YEARS the rocket power plant has as- 
Not only 


does it represent one of the few schemes for propulsion outside of 


sumed an increasing importance in our technology 


planetary atmospheres, but the large energy-release rates make 
it uniquely capable of fulfilling a number of missions such as 
planetary escape and high-acceleration trajectories 

At the same time it is recognized that the desirable features of 
rocket power plants are responsible for many design difficulties in 
their utilization. One of these difficulties which is particularly 
severe is the problem of thermally isolating the hot propulsive 
gases from the rocket shell or frame 

It is the purpose of this survey to bring together the information 
on these heat-transfer problems from a variety of sources, so that 
present workers in the field 


may benefit from these many re- 


searches. Particular emphasis has been placed on the advances 


which have been made in the last decade 


Rocket-Engine Heat Sources 
By R. W. Graham and G. Morrell” 


The gas-side heat-transfer process in rocket engines is influenced 
by the velocity of the combustion products, the geometry of the 
engine, the heat-release rate of the combustion process, and the 
transport properties of the combustion products. Only the latte: 
two will be considered in this section 

Specifically, a discussion is presented on space-heating rates o1 
conversion rates in rocket combustors and the influence of com- 
buation instability on the conversion process Next, the chemical 
energy per unit mass is considered and is related to gas tempera- 
tures. The thermodynamic and transport properties are treated 
and, finally, approximate methods for calculating heat-transfer 
rates are outlined 


Volumetric Heat-Release Rates in Rocket Combustion 

The last ten years have seen two notable approaches to the 
problem of describing the processes of heat release in flow com- 
bustors and, in particular, rocket combustors. Of course, the 
ultimate goal of each approach is the a priori prediction of heat- 
release rates for arbitrary boundary conditions. Some researchers 
have attempted to treat the process as essentially aerodynami 
in nature but modified by consideration of chemical kinetic effects 
Others have attempted to study the mechanics of the process by 
assuming a single rate-controlling step, the assumed step being a 
function of the initial boundary conditions. 


! Prepared by members of the Subcommittee on Rocket Heat Trans- 
fer of the Heat Transfer Division of Tae American Society or Me- 
CHANICAL Enoingeers. Edited by Thomas F. Irvine, Jr., North 
Carolina State College, Chairman. 

2? Lewis Research Center, NASA, Cleveland, Ohio. 
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About eight years ago, von Karman [1]* pointed out that a 
complete description of the flowing combustion system required 
a consideration of chemical kinetics as well as aerodynamics 


“ 


and thermodynamics. - For this subject he coined the term “aero- 
thermochemistry,’ and he has recently summarized the equations 
involved [2]. Actually, this is a special application of the general 
equations of chemical flow reactors proposed by Damkdéhler [3] 
and later by Hulbert [4]. The chief advantage of the aerothermo- 
chemical equation is that it permits easy qualitative generaliza- 
tion about parametric effects on heat-release rate. A serious 
disadvantage is that quantitative solution requires a precise 
knowledge of the pertinent rate constants which is not now availa- 
ble and is not likely to be available in the foreseeable future. 
Two notable applications of these equations have been in rocket- 
engine scaling with similarity parameters by Penner [5], Crocco 
6], and Ross [7], among others, and in the characterization of 
nozzle flow conditions by Penner [8], Krieger [9], and others. 

The mechanistic approach, while capable of giving quantitative 
predictions of heat-release rates, suffers from the rather severe 
If one calcu- 
lates the maximum chemical space-leating rates (Btu/hr-cu ft) 
in rocket combustors, the values are in the range 10'* to 10”, 
whereas the measured values are of the order of 10°. This indi- 
cates that physical processes are probably rate controlling, at 
least at high pressures 


assumptions required to produce a simple model. 


Application of turbulent-duffusion theory 
to rocket combustors by Bittker [10] indicates that turbulent 
mixing may not be the slow step in many combustors. A more 
promising model seems to be that based on droplet evaporation or 
burning as a slow step in the over-all conversion to hot gas. Ex- 
tensive studies have been made on the rate of evaporation of 
single drops and sprays with and without concomitant combus- 
tion; for example, Ingebo [11], Spalding [12], and Godsave 

13). Recently, Priem, Heidmann, and others [14] have applied 
a droplet-evaporation model to rocket combustion and have ob- 
tained reasonable agreement between predicted and measured 
combustor volume required to obtain a given combustion ef- 
ficiency. The most serious gaps in the procedure lie in assessing 
the initial drop-size distribution and the influence of liquid-phase 
heat-release effects. 

In the field of solid-propellant combustion, an excellent review 
by Geckler [15] indicates that the situation is similar to that for 
liquid propellants. In recent papers [16], the mechanistic ap- 
proaches based on heat-transfer or evaporation-rate controlling 
steps seem to be providing more quantitative predictions of con- 
version rates and erosive burning effects. 


Combustion Instability 


The term combustion instability is generic for a variety of 
periodic and aperiodic pressure, velocity, and temperature dis- 
turbances which can occur in flow combustors, including rockets. 


* Numbers in brackets designate References at end of this part. 
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These range from random pressure peaks to low-frequency oscilla- 
tions associated with all or part of the feed system to high-fre- 
quency oscillations associated with the mass of gas in the combus- 
tor and nozzle [17, 18] 

Many experimental studies have established that these oscilla- 
tions consist of large-amplitude pressure waves or shock waves 
which occur at the natural frequency of part of the feed system 
or at the resonance frequency of the combustor, e.g. [19-26] 

The most complete linear analysis of periodic instability is due 


to Crocco and Cheng [27 This is based on a solution of the 


equations of aerothermochemistry, including a time-lag parameter 
which 


s responsible for the periodicity. The analysis has re- 


cently been shown to predict the limits of instability for longi- 


tudinal waves. A partial analysis of transverse oscillations has 
Moore and Maslen [28] 


is mechanistic in nature, but combines the driving and damp- 


been presented by Neither analysis 


ing mechanisms into a time-lag parameter. Current research is 
directed toward studies on the details of the driving and damping 
mechanisms in such flow systems. The need for continuing re- 
search stems from the abnormal stresses and high heat-transfer 
rates which these oscillations produce—Male [19], for example, 
shows pressure ratios as high as 3 and heat-transfer ratios as high 


as 10 and from the lack of knowledge on periodic combustion. 


Heat-Release Rates Per Unit Mass of Rocket Propellants 


The models used to predict the spatial heat-release rates in 
roc ket 


tions for rate-controlling processes 


engines are primarily aerodynamic with some modifica- 
The methods employed in 
computing energy-release rates per unit mass of propellant react- 
ants involve the chemistry of reactions and thermodynamics 
The gas temperature, which is the driving potential of the gas- 
side heat transfer, and the molar distribution of the combustion- 
products species can be derived from this type of computation 
The energy release per unit mass of combustion products is 
identically the heat of reaction of these products. A portion of 
the energy release is transformed into kinetic energy to produce 
thrust, while another part is transferred out through the rocket 


walls as heat. The specific impulse (thrust-per-unit-mass-flow 


rate) can be related to the heat of reaction through an empirical 


equation ol the form 
In = C V Q seconds 


where Q is the heat of reaction in kilocalories per gram at 0 deg C. 
From the above relationship, it is apparent that the energy re- 
lease per unit mass, Q, is the function of the square of the specific 
impulse. Thus the heat transferred in the rocket engine is also a 
function of the square of the specific impulse, since the heat trans- 
ferred is some fraction of the energy release per unit mass. 

lable 1 is a compilation of heats of reaction, flame tempera- 
tures, and theoretical-specific-impulse values. According to 
McBride [53] 
approximately 205 for the propellant combinations listed in Table 
1. This coeffici 
and also on the expansion pressure ratio 

In the rocket 


level may be different for these propellant combinations. 


Gordon and the coefficient C of the equation is 


{ depends on the propellant combination selected 


actual chamber the comparative heat-release 
Equi- 
librium coefficients and the dissociation and recombination ener- 
gies will influence the energy release. The listing of the heats of 
reaction does point out the wide variations possible in heat release 
12 a function of the propellant combination 

Che heat of reaction, which is readily computed, is a first-order 
estimate of the relative magnit ide of heat transfer from the com- 
bustion products of rocket propellants 

However, the literature contains much information on theoreti- 
cal thermodynamic and transport properties for most of the liquid 
propellants and their combustion products, for example [29-53] 
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These theoretical properties can be used with the analytical tech- 
Most of 
these references have presented the thermodynamic and transport 
properties over a range of combustion and expansion conditions 
encountered in rocket engines. 


niques for estimating heat-transfer coefficients or rates. 


Special parameters of interest to 
the rocket designer, such as the characteristic velocity C* and 
the thrust coefficient, are also tabulated in these references. 


Estimation of Combustion Temperature 


In order to estimate gas-side heat-transfer coefficients and heat- 
transfer rates, the combustion-gas temperature must be estimated. 
The characteristic velocity C* is a measure of the effectiveness of 
the combustion process in converting chemical energy into 
thermal energy. 
related to C*. 


Consequently, combustion-gas temperature is 
It can be shown that they are related approxi- 
mately in the following way 


vy = 
where 
g = acceleration due to gravity 
Vv = molecular weight, gm/mole 
R = universal gas constant 
T. = combustion temperature 
7 ratio of specific heats 


If the influences of variable molecular weight and gamma are 
neglected, C* is simply proportional to the square root of the 
temperature. Employing this assumption, the theoretical values 
of C* and combustion temperature obtained from [29-53] can 
be related to the experimental C* and combustion temperature 


through the equation 
T cox (= : 
sé Cu* 


The subscripts ex and th stand for experimental and theoretical, 
respectively. The experimental C* can be computed from rocket 
chamber pressure X throat area 


data or may be estimated as 


propellant flow rate 
being 85 to 99 per cent of the theoretical C*. 
will govern the selection of the percentage. 


The injector type 


Table 1 
Theoretical 
specific 
impulse 
from 
Esti- literature, 
mated p, = 14.7 
specific psi* 
impulse p. = 300 
psi? 


Com- 
bustion 
tem- 
pera- Heat 
ture, of 
a reaction, 
Propellant deg F keal/gm 
OV Grain solid 
propellant 
NH, + 6HNO, 
NH; + 0.375N,0, 
JH; + 1.5H,0, 
N.H, + CIF; 
NH, + 0.5N.0, 
JP-4 + 0.98550, 
8 NH, + 0.7K do 
9 N.H, + 2F; 
+ F; 


78 182 
132 218 
300 234 
307 234 
449 246 
591 258 
628 260 
639 262 
431 320 
O84 359 


4600 
4100 
5840 


5700 
4800 
5700 
S000 


COND ee ee ee 


Inanns) 


* py, is the nozzle exit pressure. 
> p. is combustion pressure. 
Evaluated at 1000-psi chamber pressure 


Transactions of the ASME 





In addition to the mean-gas temperature, the transport proper- 
ties of the gas mixtures are needed for heat-transfer computations 
Estimates of transport properties of gases at high temperatures 
suffer from a lack of experimental data for each species at these 
temperatures. The high-temperature transport properties have 
All of the NASA 


or NACA references use a molar averaging technique to compute 


been extrapolated from low-temperature data. 


the viscosity of the gas mixtures, namely, 


PM 


— 6 6P, 
25 Vv, 


p = total pressure 
VM, molecular weight of the 7 species, gm/mole 
P, = partial pressure of the 1 species 
of the i 


My coefficient of viscosity * species 


Thermal conductivity is computed from the Euken equation 


which relates viscosity and specific heat to thermal conductivity 
( 5 R ) 
uic, + 
; (eM 


The Euken equation is an approximate expression which appli: 


to pure polyatomic gases Reference [54] contains a more exact 
but more difficult method for computing thermal conductivity 

reacting gases involving any number of componente Probably 
the best general discussion on methods of computing transport 
but 


For many heat-transfer 


properties of gas mixtures is found in [55], 


most ol the 
methods in this reference are laborious 
calculations, the labor involved in the more exact computation o 
the gas-mixture transport data may not be warranted 

One analytical technique employed by rocket-engine designers 
in estimating the gas-side heat transfer is to section the engine 
into axial segments and compute the heat transfer for each seg- 
ment. The over-all heat-transfer load of the engine is the inte 


grated value. The film coefficient at each axial station in the 
rocket is computed by treating the axial segment as a piece o 
pipe and computing the coefficient from the pipe-flow heat-trans 
fer correlations of the literature. From first appearances this ap- 
proach may seem to be wrong inasmuch as the pipe-flow heat 
transfer correlations are based upon fully developed turbulent 
flow. Intuitively, it does not seem possible to have fully de- 
veloped turbulent pipe flow in a rocket engine inasmuch as the 
highly turbulent combustion gases do not have the sufficient 
flow length nor nonrandom velocity direction to produce a fully 
Bartz 


computations of the turbulent boundary layer show that, unde 


developed boundary layer. However, [56] claims that 
certain circumstances, the mass-flow rate per unit area is the most 


dominant variable. Variables, such as velocity profile and 


boundary-layer thickness, are secondary. This conclusion sug- 
gests that the heat-transfer coefficient can be computed by a rela- 
tion which in form is identical to the pipe-flow heat-transfer rela 


tion; namely, 
Nu =0.026Re®*Pr*-* 
where 


Nu = Nusselt number 
Pr Prandtl number 
Re Reynolds number 


When the above equation is applied to the rocket engine, no 
assumption concerning fully developed turbulent flow is implied. 
However, the heat transfer in the chamber cannot be charac- 


Journal of Heat Transfer 


terized by the convec ive mode only, so the author of [56] sug- 
gests that the convective-heat-transfer relationship be applied to 
the nozzle only.‘ 

Similar empirical convective heat-transfer relationships based 
on pipe-flow experiments with high flux values are available in 
the literature. For example, the second author has applied the 
correlation of [57] to rocket-engine heat-transfer computations 
and found the computed over-all heat flux to agree favorably with 
the experimental. 
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Rocket Cooling Techniques 
By R. D. Turnacliff 


Rocket-engine thrust chambers and nozzles have been cooled 
principally by regenerative means for liquid-propellant rockets 
Re- 
liability and weight considerations were of prime importance in 
It is likely 
that these methods will continue to be used in systems of the im- 
mediate future with the heat-sink and/or ablation-type cooling 
The 
additional complexity and poorer reliability of both transpiration 
and film cooling will probably limit their applications to special 
problems as well as to containment and expansion of extremely 
high energy fluids. 


and by use of a simple heat sink for solid-propellant systems. 


determining the type of the cooling methods used. 


becoming more common as material technology advances. 


5 Space Technology Laboratory, Los Angeles, California. 
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Predictions of convective-heat-transfer rates have been con- 
sidered by various authors of which {1 |* is one of the more recent 
and reliable methods. However, considerable uncertainty stil! 
This 
is probably due to nonuniform radial temperatures and fluid 
composition in the gas stream which is strongly influenced by the 


exists in prediction of exact local values in actual engines. 


injector and combustion pattern. The effects upon heat transfer 
of dissociated combustion products can be approximately taken 
into consideration in the above equation by using computed en- 
thalpy in place of temperature differences. Experimental evi- 
dence of the effects of dissociated combustion products upon the 
convective-heat-transfer coefficient is discussed in [2]. 
Regenerative cooling of rocket engines is limited principally to 
liquid-phase forced-convection and nucleate-boiling heat-transfer 
processes. One exception to this is forced-convection cooling 
using gaseous hydrogen (3, 4|. The low thermal conductivity of 
other gas-phase propellants usually eliminates their use due to the 
excessively high wall temperatures required for operation and the 
In rare 
instances, cooling has been accomplished through film boiling 


relatively low temperature limits of most wall materials. 


{12]. The problem of heat transfer in the vicinity of the critical 
temperature is discussed in [5]. The use of various propellant 
combinations as regenerative coolants is reviewed in [6] where a 
criterion for acceptable cooling is established, and the influence 
of various physical properties of the coolant upon its effectiveness 
as a regenerative coolant is also discussed. The operating mix- 
ture ratio is shown there to be an important system parameter 
which influences the cooling problem [6]. Data on the nucleate 
boiling and convective-heat-transfer coefficients for selected re- 
generative coolants, such as JP fuel, WFNA, UDMH, RFNA 
and so forth, may be found in [7—13, 31}. 

Porous-wall or transpiration cooling of rocket engines was in- 
vestigated quite extensively in the late 1940’s [14-19]. Nonuni- 
formity of injection resulting from fabrication of the porous ma- 
terial gave unpredictable performance. Although some improve- 
ment in uniformity of injection has been accomplished, the addi- 
tional complexity of the system plus poorer reliability has greatly 
reduced its usefulness in rocket-engine cooling. It has potential 
application in the containment of very high energy working 
fluids when other methods fail. 

Film cooling or slot injection offers a somewhat more reliable 
system than transpiration cooling although still relatively com- 
plex in comparison with present systems. Recent studies in the 
use of film cooling in rocket nozzles indicate that it is a useful 
means of cooling local areas when it cannot be done by conven- 
tional means [20-27 |. 

Recent advances in material technology associated with the 
nose-cone re-entry problem and solid-propellant engine develop- 
ment have opened the field of more advanced heat-sink as well as 
ablation-cooling methods. Little published literature is available 
on the problem as directly applied to rocket-engine cooling, al- 
though [28] discusses the application of ablation cooling to rocket 
nozzles and describes calculation methods for predicting ablation 
rates and internal temperature gradients. Wall-coating tech- 
niques for reducing heat transfer to a regeneratively cooled engine 
are discussed in [29, 30]. 
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Nozzle Wall Materials 
By J. H. Robinson and K. G. Englar’ 


For uncooled rocket nozzles, such as are customarily used with 


? Douglas Aircraft Company, Inc., E] Segundo, Calif. 
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solid-propellant rocket motors, the heat transferred to the walls 
from the hot gases passing through the nozzle must be absorbed by 
the materials comprising the nozzle. If this heat is absorbed 
by the nozzle walls acting as a heat sink, the nozzle walls are 
necessarily heavy in order to absorb the large quantity of heat 
transferred from the burning gases. In addition, metals with a 
melting point high enough (4000 F and above) to withstand the 
effects of high-energy propellant combustion are very dense 
Some of the metals which have been used as heat-sink material 


or rocket nozzles are molybdenum, tungsten, tantalum, and 


columbium Graphite has been extensively used, but erodes 


badly. Cermets show promise as heat-sink materials for rocket 


nozzles, being less dense than metals, although some have poor 
thermal shock characteristics. Among the cermets being used, 
or being considered, are aluminum oxide, boron nitride, and the 
carbides of tungsten, silicon, tantalum, and hafnium. 

The chemical composition of an exhaust flame at high tem- 


perature often acts either as a reducing or an oxidizing agent 


upon met il and cermet nozzle materials Therefore, In cases ol 
severe reaction, It is necessary to apply & protective coating oi a 
material compatible to nozzle materials and resistant to reaction 
with the flames 


exhaust Experience shows that ceramic ma- 


terials are well suited to this function, but must be selected to be 
chemically compatible with the prope llant used A similar prob- 
lem occurs in nozzles constructed of steel alloys with low melting 
points, where a protective coating of compatible ceramic is ap- 
plied to resist erosion. 

One way of reduc ing the mass of the nozzle walls is to place in 
The in- 


sulating material should have much the same properties as a 


insulating material on the inner surface of the nozzle 


“heat-sink material’; i.e., physical strength at elevated tempera- 


tures, resistance to erosion and thermal shock, high melting point 


ind compatibility with the chemical properties of the exhaust 


gaa 3 Most insulators either ablate or sublime It is often de- 


sirable to choose a material with a relatively low melting point 
or one which sublimes so the material leaves the nozzle walls as a 
liquid or a gas. Ifa material with a high melting point is used, the 


wzzle material which is eroded by the gases passing through 
zzie would 


to the 


be carried as solid particles by the gas stream, 
erosiveness of the exhaust gases. In addition, it 
iry that the erosion of the insulator be predictable with 

nge in throat area. Preferably, the amount of ma- 
terial eroded away 
round the periph 


ot time 


should be small, and erosion should be unliorm 
ry of the nozzle and take place at a constant 
nsulating materials which have been used are 


tos, fiberglass, and zirconium oxide 


rocket-nozzle material for a given application, the 
ition through the nozzle walls must be known 
time in order to determine surtace temperati res 


d so forth | 


Unfortunately, the differential 
ing this transient heat transfer within the nozzle 
+) 


vemselves readily to solution in closed form 


cha ter of 


gases and the nozzle 


the conditions at the 
wall 


Ww alls can be 


boundary 
Heat transfer within 
analytically de- 


omposite nozzle 


pressing the differential equ ations de scribing heat 


iffers 


nee equations. Solution of these equations by 
detail by 


considerably on the 


numer | methods is discussed in Dusinberr 118 who 


has et! 


Schmidt 


urged method originally used by 


most one and two-cdimen- 


equations for 


rhe finite-difference 


ul heat-transier proble ms are readily solvable by hand calcu- 
The thermal field gets 
1ite complicated for most two and three-dimensional cases, lead- 
g » the 


sitions, which Dusinberre [1] covers well 


ise of digital computers for their solution. 


These, as 


* Numbers 
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well as many other aspects of transient and steady-state conduc- 
tion heat transfer, are discussed in Schneider's excellent treatise 
[3]. Many of the digital-computing programs are set up, how- 
ever, to treat specific thermal networks and are not readily 
adapted to changes in the thermal network. Programs have been 
established for the digital computer so that changes in the thermal 
network can be easily accomplished [4]. 

Ease of altering the network is one of the prime advantages of 
electrical analogs. One such analog developed by Liebmann 
[5, 6] solves the finite-difference equations in space and time 
by an electrical-resistance network, with both thermal resistance 
and thermal capacitance analogized by electrical resistances 
Transient temperatures at discrete spatial points in the thermal 
network are computed at discrete time intervals 

A more common analog [7] replaces the thermal resistances 
und capacitances with electrical resistances and capacitances, 
respectively. This R-C network uses voltage and current as 
analogized temperature and heat flux, respectively. Here the 
space variable is retained in derivative form. Temperatures at 
discrete points are then obtained as a continuous function of time. 
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Variable Fluid-Property Effects 


By R. G. Deissler,? Mem. ASME 


Because of the high heat fluxes occurring between the walls and 


1 ed., 


Sherwood and 
Engineering,” 
1939, p. 211. 
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fluid streams in rocket engines, the temperature variations across 


the streams are large. Thus the variations of fluid properties 
with distance from the wall are in general large, and the heat- 
transfer and fluid-flow affected 


rocket, variable fluid properties can occur, for instance, in the 


processes are In the chemical 


boundary layer of the nozzle, in the coolant passages, and in 


the combustor. In the nuclear rocket, heat is usually transferred 
it high rates directly from the reactor walls to the propellant, so 
that the effect of variable properties on the heat transfer in the 
reactor can be important. At high temperatures the fluid may 
dissociate. Heat transfer with dissociation or chemical reaction 
can often be treated as a variable fluid-property problem, at least 
for the case where the properties are in chemical equilibrium. 

In approaching the problem of variable properties, the results 
of essentially constant property experiments or analyses have 
often been adapted to the case of high heat fluxes by evaluating 
the properties in the equations at an appropriate reference tem- 
perature. However, in order to determine the correct reference 
temperature, experiments or analyses (preferably both) must be 
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An essential difficulty in 
variable-property heat transfer is that, strictly speaking, each 


carried out for variable properties 


fluid should be treated separately, because its property variations 
with temperature are different. In spite of this difficulty it has 
been found possible in many cases to correlate results by using a 
reference temperature close to the average of the wall and bulk 
(or free-stream ) temperatures [1-6].° This reference temperatur: 
should be used with some caution for new cases, however, es- 
pecially when the property variations with 
unusual 


temperature are 


Inasmuch as the flow in rocket engines is generally turbulent 
only turbulent flow will be the present 
An analysis of the heat transfer in the turbulent boundary layer 
in a nozzle, which is in agreement with data for actual rocket 
engines, is given in [7] 


considered in section 


The results are simplified in [3] by 
showing that they can be represented by an equation of the type 
used for pipe flow. Although the effect of compressibility on the 
development of the boundary layer was considered in this study, 
it is not strictly a variable-property analysis inasmuch as the 
reference temperature was assumed rather than calculated. Most 
of the variable-property analyses have been carried out for the 
simpler cases of turbulent flow through circular tubes or over flat 
plates. Thus most of the remainder of this section will consider 
the work done for these cases; this work should give some insight 
into the more complicated flows sometimes encountered in rocket 
engines. 

An extensive experimental investigation of average heat- 
transfer and friction coefficients for flow of air in smooth elec- 
trically heated tubes is summarized in [1] 
on the order of 2500 F were reached 


Surface temperatures 
The surface-to-air tempera- 
ture ratio varied from about 0.46 to 3.5, with heat fluxes up to 
10° Btu/hr-ft? 


was eliminated by evaluating the properties of the air, including 


The effect of surface-to-air temperature ratio 


density, in the Nusselt number, Reynolds number, and friction 
coefficient at a temperature halfway between the average wall 
and bulk temperatures. Recently the work was extended to 
helium at surface temperatures up to 5500 F [8]. Essentially the 
same type of correlation was obtained as was found to apply for 
air. 

A variable-property analysis for turbulent flow of air in a tube 
with high rates of heat transfer is preeented in [9]. In order to 
check the analysis experimentally, local heat-transfer coefficients 
were measured for air flowing in an electrically heated tube at 
high heat fluxes. The agreement between predicted and measured 
Both indicated that the 
effects of variable properties could be eliminated by evaluating 


heat-transfer coefficients was good. 


the properties at a reference temperature about halfway betwee 
the wall and bulk temperatures In using this result for calculat- 
ing heat-transfer coefficients, the same assumptions concerning 
the variation of properties as were used in the analysis should be 
made; that is, constant specific heat, and viscosities and thermal 
conductivities both proportional to the 0.68 power of the absolut 
temperature should be used. If other property variations are 
used a different reference temperature may be obtained. The 
analysis is extended to liquids with variable viscosity in {10} and 
to entrance regions in [6]. In both cases, the reference tempera- 
tures for evaluating the properties were found to be near the 
average of the wall and bulk temperatures, as before. An alter- 
nate approach for heat transfer in liquids with variable properties 
is given in [14], and some additional work for entrance regions is 
given in [26] 

A variable-property analysis for supercritical water is given also 
in [9]. In this case the reference temperature varied between 
the wall and the bulk temperatures because of the unusual varia- 
tion of properties of supercritical fluids with temperature. An 
analysis for supercritical water using a somewhat different ap- 
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proach is given in [27] and gives results in reasonable agreement 
with those in [9]. In [11] the analytical method of [9] is used 
for calculating heat transfer to supercritical carbon dioxide, and 
experiments were run for the conditions of the analysis. A com- 
parison between theory and experiment for one wall temperature 
is given in Fig. 1, where good agreement is indicated. (The 
quantity 8 is a heat-flux parameter and subscripts 0 indicate 
properties evaluated at the wall.) Similar agreement was ob- 
tained for other wall temperatures near the critical temperature. 
Some experimental! results for supercritical oxygen and for super- 
critical water are given in [12] and [13]. It would be of interest 
to compare these results with an analysis similar to that given in 
{9} or [11], but using the properties for the appropriate fluids and 
the conditions in the experiments. Uncertainty in the property 
values of the fluids might, however, make the comparison dif- 
ficult. Under certain conditions a boiling-like phenomenon 
(which would not be predictable by the analysis) may occur in 
supercritical fluids ( [9], discussion by Goldman). Many of the 
foregoing analyses and experiments are summarized in [15] and 
{16}. 
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Fig. 1 Experimental and theoretical results for heat transfer to carbon 
dioxide in the critical region. Pressure = 1200 psia; t) = 130 F. Ref. 
{11}. 


A large number of analyses for flow over flat plates at high 
velocities, which include the effects of variable fluid properties 
in varying degrees, have been carried out. 
ported in [5, 17-23]. 


Some of these are re- 
It is difficult to compare the analyses be- 
cause of the many different assumptions used by the various 
authors. The analysis in [5] uses the assumptions that were used 
for flow in tubes [2, 6, 9], and gives heat-transfer and friction co- 
efficients in good agreement with available experimental data 
(which extend to Mach9). The results are also in agreement with 
the reference temperatures recommended in [24], except at low 
Reynolds numbers. The analysis was recently extended to sub- 
limation mass transfer at supersonic speeds [25], where good 
agreement with experimental data was again obtained. 

In conclusion, it appears that sufficient analytical information 
is available so that the determination of heat transfer at high 
fluxes for various fluids need not be entirely an empirical process. 
A reasonable procedure might be to run experiments using several 
fluids of interest in rocket applications and to compute analytical 
results using the properties of those fluids. If agreement between 
theory and experiment is obtained, the analysis could then be used 
to obtain results for other fluids. Such calculations are not 
particularly difficult with the computing equipment now available 
(at least not for the simpler flows discussed here). The utility of 


aucust 1960 / 161 





the method would, of course, depend on the availability of prop- 
erty values for the fluids of interest. 
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Predictions of Thermal Properties 


By D. R. Bartz, Mem. ASME" 


The range of pressures over which thermal properties of gases 
are required for rocket-motor calculations extends from 2000-psi 
chamber pressures of some solid-propellant rockets down to a 
small fraction of a pound per square inch at the nozzle exit of low- 
chamber-pressure rocket motors. The range of temperatures of 
interest extends from about 8500 R in the combustion chamber of 
an F,-H, engine, at which temperature substantial dissociation 
is anticipated, down to about 1000 R, which is typical of cooled 
motor walls and of conditions in the free stream at the exit of 
highly expanded nozzles. The species of most importance to 
rocket-motor-combustion gas flows are N», CO,., HO, HF CO, HCl, 
Hz, Ov, F2, N, O, H, F, and OH in about that order. In addition, 
the presence of some light-metal oxides and certain boron com- 
pounds may become important as a consequence of new high- 
energy propellants under consideration. 

Despite the broad range of pressures, temperatures, and species 
for which thermal properties are required in analyzing rocket- 
motor heat-transfer problems the required thermodynamic proper- 
ties are generally adequately supplied from standard works such 
as {1]'* and compilations in more convenient form such as [2] 
and [3]. Partial voids do exist in the area of the light-metal 
oxides and some of the boron compounds at high temperatures. 
These voids will probably be filled in the next few years as a re- 
sult of active research in these areas. Even though the maximum 
temperatures are high, they are still sufficiently low in chemical 
rockets so that there is little likelihood of any important conse- 
quences of ionization or the excitation of any of the still higher 
energy modes. Furthermore, the deviations from the perfect- 
gas law (that is, compressibility) are generally so low that treating 
the gases as perfect in this sense leads to negligible error. Thus 
the only thermal! properties that may require special consideration 
for the problems of rocket-motor heat transfer are the transport 
properties which will be the principal subject of the remainder of 
this section. 


Properties Required 


Because of the high mass-flow rates per unit area, high free- 
stream turbulence levels, short flow lengths compared with flow 


diameters, and strong axial-pressure gradients characteristic of 
rocket-motor-combustion gas flow, the predictions of convective- 
heat-transfer coefficients usually involve analysis of the turbulent- 
boundary-layer flow. Whether the analyses have been based on 
empirical correlations such as the Blasius fricton equation coupled 
to modified Reynolds analogies [4, 5, 6], or have been based on 
the eddy-diffusivity and mixing-length concepts coupled with 
the Prandtl boundary-layer equations [7, 8], the same trans- 
port properties, u and Pr, are involved. Although these transport 
properties appear in the two different types of analyses in different 
form, their influence is essentially the same in both types (i.e., 
exponential)—y to about the 1/4 or 1/5 power, and Pr to about 
the 0.6 or 0.7 power. In the strict sense, of course, Pr is not a 
transport property, but a ratio of two transport properties, u 
and k, multiplied by the thermodynamic property Cp. However, 
because of the simple relationships for Pr derivable from the 


statistical mechanical theory [9] and its first-order temperature 
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independence, it is convenient to treat Pr as a transport property 
In addition, the thermodynamic quantity Cp is usually involved to 
about the first power, but is generally known quite precisely from 
thermochemical calculations. Based on an arbitrary assumption 
that the maximum acceptable uncertainty in the heat-transfer 
coefficient due to uncertainties in the transport properties was 
about 10 per cent, it was shown in [10] that the viscosity should 
be known to within about 25 per cent and the Prandtl number 
within about 8 per cent. 


Sources and Methods 


Undoubtedly, the most complete compilation of experimental! 
transport-property data for gases is contained in the NBS-NACA 
Tables [11] 
on the statistical-mechanics theory are fitted to what are con- 


In addition, correlation equations generally based 
sidered to be the ‘most probable’’ values. Individual papers on 
significant advances since the publication of [11] are contained 
in [12] and [13] 

Studying the “departure’’ plots of [li] (i.e., percentage de- 
parture of experimental data from values calculated from the 
First, the 
experimental data barely extend into the temperature range of 


correlation equations), two things become apparent. 
interest for most species of interest. Highest temperature-viscos- 
ity data extend to only about 2500 R and highest temperature 
thermal-conductivity and Prandtl-number data extend to only 
about 1500 R. Second, for most gases the experimental transport 
properties are already showing systematic departures from the cal- 
The 


calculated values for most nonpolar gases have been determined 


culated values over even this limited temperature range. 


from statistical-mechanical methods [9, 14, 15] based on the two 
force constants ro and €/k, determined from room-temperature 
experimental values. While the predicted temperature de- 
pendence of the transport properties for nonpolar gases appears 
to be on solid theoretical ground as a result of the statistical- 
mechanical approach, unfortunately there is insufficient experi- 
mental data to anchor the values at the high-tem»verature end 
which is of the most interest. From a theoretical standpoint the 
high-temperature region is most easily handled, since the required 
collision integrals begin to take on asymptotic values and there- 
With such a lack of high- 
temperature experimental data it is not clear whether the trends 
in the departure piots indicate that the theory is inadequate or 


fore become more easily determined. 


whether there is a systematic error in the experimental measure 
ments at the higher temperatures. If the former is the case, and 
the trends established over the limited temperature range are ex- 
trapolated linearly out to 8500 R, the departures and hence per- 
haps the uncertainties in the viscosity values approach the 25 per 
cent suggested as a tolerable uncertainty for rocket-motor heat- 
transfer calculations [10, Fig. 2]. Nevertheless, for the want of 
anything more certain, the statistical-mechanical methods have 
been used to extend calculation of the transport properties of air 
and its constituents out to temperatures in excess of 15,000 R 
{16, 17, 18]. Until some means of obtaining high-temperature 
experimental data is developed, it appears that the only course 
open is to use such extrapolation techniques as the statistical- 
mechanics theory affords, or the even more empirical equations 
such as are necessary for polar gases {11, Tables 1-B and 1-C}, 
with the realization that there may be sizable errors in the values 
so determined. The high-temperature experimental viscosity 
data for water, which is the most strongly polar molecule of those 
normally present in rocket exhausts, are not correlated by the 
statistical-mechanics theory but rather by an empirical modifica- 
tion of the Sutherland formula developed by Bonilla [19]. Al- 
though CO, HF, and HC! are slightly polar, their deviations from 
nonpolar behavior are only minor so that their viscosity data have 


been correlated reasonably well by _statistical-mechanical 
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Of the undissociated species listed earlier, the least 
amount of high-temperature viscosity data exists for HF, HCl, 
and F,, which is understandable because of their high reactivity. 


methods. 


Nevertheless, values of the force constants have been suggested 
in [14] from which at least approximate values can be calculated. 
There are no experimental data on which to establish statistical- 
mechanical correlation equations for the dissociated species N, O, 
H, F, and OH. 
sphere model for such species by Baulknight [16] suggest that use 


Furthermore, calculations made on the rigid- 


of such a model may lead to substantial error at high tempera- 
ture. Fortunately, however, it is believed that due to rapid re- 
combination reactions these species may not be present in im- 
portant proportions near highly cooled walls {10, 20, 21, 22]. It 
is also fortunate that the effect of pressure on viscosity is ap- 
parently negligible over the range of pressures and species of in- 
11}. 

In view of the potential for significant uncertainties in the 


terest 


viscosity values, it would appear justifiable in most calculations 
to use the very simple ex; ression for Prandtl number derivable in 
terms only of the ratio of specific heats, by use of the Euken ap- 


proximation [10]. 


. ees: 
1.94y — 0.74 


\ further refined treatment given in [17] predicts variations in 
Prandtl number due to dissociation which are not predicted by 
The influence on the value for air was as 
high as 25 per cent under conditions of maximum influence of the 
dissociation of nitrogen. 


this simple equation. 


The computation of transport properties of mixtures seems to 
be possible by any of three general methods. One method, based 
on rigorous kinetic theory [14], requires knowledge of the molecu- 
lar-collision characteristics of each of the species with each of the 
other species, and then requires the solution of a determinant of 
Another method, 
Buddenberg and Wilke [23], based on the Sutherland-type cor- 
relation equation, eliminates the determinant but stil] retains the 
need for nonlike molecular-diffusion coefficients. A further de- 
velopment along the lines of the latter method [24] eliminates the 
need for even the various nonlike molecular-diffusion coefficients 
It appears that the real need to be 
filled at this time is to measure transport properties of mixtures 
at high temperature in order that the accuracy of the values com- 


one order larger than the number of species. 


and becomes quite simple 


puted from each of these methods can be compared against the 
varying effort required. Furthermore, it is necessary to deter- 
mine the importance of trace concentrations (less than 10 per 
cent) of species to resulting values of the transport properties of 
mixtures. If it develops that in order to obtain values consistent 
with the accuracy requirements discussed it is necessary to both 
consider the trace constituents, and to make use of the rigorous 
kinetic-theory method, such computations should be programmed 
at a central high-speed, computing facility. 

For approximate calculations, use can be made of the fact that. 
the high-temperature viscosity values of most monatomic, dia- 
tomic, and some triatomic molecules are within a few per cent of 
each other and of the values for the air mixture. To show the 
relatively small deviations that exist as far as turbulent-boundary- 
layer heat-transfer calculations are concerned, values of the fifth 
root of the viscosity have been plotted versus temperature for a 
number of species in Fig. 2. Note that the only species having 
values more than 5 per cent different from those of air are water 
and H,. Thus it is possible to determine a mixture value within 
about i0 per cent, merely by computing (or even estimating by 
eye) a mole fraction-weighted value for the major species involved 
in the mixture of interest, using Fig.2. In this connection, it is 
interesting to compare the viscosity value computed by Gin [25] 
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Fig. 2. Fifth root of viscosity versus temperature for various rocket exhaust gos constituents 


for a particular multicomponent rocket-combustion-gas mixture 
using the exact methods of [14] with the value for air at the same 


temperature. The difference was only 1 per cent. 


Influence of Chemical Reaction 


The caleulation of heat transfer in a boundary-layer flow is 
usually accomplished with the use of the equation 


dT q/jTt-f, - - 
q k ( ) = k - —— a. 2. (1) 
dy 7 dy # _ T, = 


where q is heat flux; & is thermal conductivity; 7 is temperature; 
w is wall; and e is edge of boundary layer. The magnitude of the 
gradient is established by a combination of the temperature dif- 
ference between free stream and wall and the nondimensional 
temperature gradient which is determined by solution of the 
equations of motion of the flow in the layer nearest the wall. For 
i laminar boundary layer the equations assume the form 


: ( + : (pv) 0 (2) 
u) \pv) = 2 
Ox 4 OY 
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where p is density; u and v are velocity components; p is pres- 
sure; su is viscosity; A is static enthalpy; Pr is mixture Prandtl 
number; ¢, dissipation; Le, is Lewis number of i“ specie; C, 
concentration by weight of i* specie; W, is net rate of production 
of i species; and Dy» is coefficient of diffusion of specie 1 into 2. 
In laminar flows, the gradient can be predicted from straightfor- 
ward theoretical considerations. In the case of chemically react- 
ing systems, Butler and Brokaw [22] have suggested the use of 
an effective thermal conductivity consisting of two partse—that 
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due to’ molecular collisions and that due to chemical reaction. 
They have successfully predicted values of this combined ther- 
mal conductivity, using statistical mechanics techniques [14], 
which are in excellent agreement with measurements with the 
N.O, — NO, reaction at one atomsphere and the 6HF — (HF). 
reaction at pressures from '/2; to l atm. In general, in order to 
evaluate the nondimensional temperature-gradient factor, it is 
necessary to solve both the momentum and energy equations as 
well as the chemical-diffusion equations. In doing so, the in- 
fluence of the chemical reaction on the viscosity, Prandtl-number, 
density, thermal-conductivity, specific-heat, and diffusion co- 
efficients as usec in the continuity, momentum, energy, and dif- 
fusion equations must, in principal, be evaluated. 

Jecs [21], however, has recognized the simplifications possible 
due to the fact that the form of the energy equation for a reacting 
laminar-boundary-layer flow is the same as that for a nonreact- 
ing flow when the Lewis number is unity. Under these circum- 
stances the surface-heat-transfer rate is independent of the mecha- 
nism of heat transfer (molecular conduction or molecular diffu 
sion) at all free-stream velocities. Further, Lees showed that the 
heat-transfer rate is the same as it would be for the special case in 
which the recombination reaction rates are very fast with respect 
to diffusion rates. Under this condition, local equilibrium con- 
centration of each specie is established in unique relationship to 
local pressure and temperature distributions across the boundary 
layer, and the diffusion equation, equation (5), becomes super- 
fluous 

In considering reactive flows under these “restrictive’’ condi- 
tions, it should be possible to make extensive use of existing solu- 
tions and empirical correlations for nonreactive flow, since the 
equations in the appropriate form (for Le = 1) contain only the 
thermal properties viscosity and Prandtl number which are to a 
first order essentially independent of dissociation or recombination 

17). While these results apply strictly only to laminar-boundary- 
layer flows with Lewis-number unity, it should be mentioned with 
regard to application to turbulent boundary-layer flow of the type 
in rocket motors that: (a) Principles relative to the effects of 
property variations across boundary layers established by laminar 
boundary-layer theory (e.g., Young and Janssen [26]) have been 
found to be substantiated by empirical correlations of turbulent- 
boundary-layer heat transfer [27]; (b) there is no real knowledge 
of the proper values of the thermal properties which constitute 
the Lewis number for turbulent boundary layers—the effective 
physical value could be near unity even though there is some ex- 
perimental basis [28] for suggesting that it might be as high as 
1.4; and (c) the rates of recombination in rocket-motor boundary 
layers are generally believed to be so high that it is likely that 
equilibrium is maintained [20]. Thus it may well be possible to 
make use of correlations of nonreactive turbulent-boundary-layer 
heat transfer for calculations in rocket motors, with perhaps only 
a minor correction for Lewis-number deviations from unity which 
may be established later by experiment. 

In treating nonreacting turbulent-boundary-layer heat-trans- 
fer problems, it is found useful to lump the factors in the bracket 
in equation (1) and call it the heat-transfer coefficient, which can 
usually be correlated in terms of the dimensionless parameters 
Nusselt number, Reynolds number, and Prandtl number. The 
second factor, the temperature difference, is the driving potential 
for the heat-transfer process. Note that the general form of the 
energy equation, equation (4), is written in terms of enthalpy 
gradients, and that it is only possible to write it in terms of tem- 
perature gradients in the special case of constant-property flow 
when the specific heat can be factored out as a constant. In the 
case of a reacting boundary layer, it is not possible to factor out 
the specific heat so it is found to be convenient to make use of the 
enthalpy gradient at the wall, resulting from solution of the 
energy equation; e.g., 
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k { Oh kd (h-h, 
I= 5 ( -) = |; - =A) | (h, — hy) (6) 
C, oy w c. dy (h, — hy) 
where C, is mixture specific heat at constant pressure. 
definition for the nonreacting boundary layer, 


E d (h — hy) 
C, dy (h, — hy) 


| = C,(pu), (7) 


where C, is the Stanton number as defined for nonreactive flow. 
Thus if, as suggested above, it is possible to make use of results of 
solutions of the equations-of-motion and empirical correlations 
for nonreactive flows in treating heat transfer in reactive flows, 
then the appropriate form of the equation turns out to be 


reactive flow = Cr aonreactive( Pu )(A, _ hh, venctive flow (8) 


(See further discussion on the basis for this equation in [21, 
29, and 30].) The value of C, determined from the nonreactive- 
flow correlation of the form 


Nu = a Re? Pr* (9) 


turns out to be 


y?-1 

C, = a{d(pu),}*- | =] (10) 
where Nu is Nusselt number; Re is Reynolds number; a, b, c 
are constants; and d is the linear dimension appropriate to the 
particular problem (e.g., [31]). Note that the value of C, does 
not depend on thermal properties strongly affected by energy re- 
lease in the boundary layer due to reaction and can be treated by 
usual methods for variation of properties across the boundary 
layer. 

The approach suggested by equation (8) has been found to 
correlate hypersonic flow with dissociation and recombination 
[28] and low-speed turbulent pipe flow with chemical reaction 
(32, 33]. Whether or not it will be successful for reactive turbu- 
lent boundary layers in rocket motors is yet to be determined by 
experimental measurements of heat-flux distribution in rockets 
burning very-high-energy propellants. It appears at present to 
represent at least an upper limit to reactive-flow heat fluxes with 
perhaps one exception, that being wall-surface-catalyzed recom- 
bination, which may or may not be important to rocket-motor 
heat transfer [20]. 
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Flow Separation and Acoustic Effects 
By H. N. McManus, Jr.,'* and Erich E. Soehngen'* 
Effect of Separation on Heat Transfer 


The work on systems undergoing separated flow due to pres- 
sure gradients divides into two groups—that on cylinders or 
spheres in crossflow and that on packed beds. The latter, be- 
cause of their geometry and consequent difficulty of supplying 
heat, are normally studied by transient methods, and for them 
only over-all values of the convection coefficient are available. 
The former have been studied fairly extensively and local transfer 
values indicate the effect of separation. 

The low Reynolds-number range (20 < Re < 500) for cylinders 
in crossflow has been studied by Eckert and Soehngen [3]. 
These investigators determined both over-all and local heat- 
transfer coefficients. The range of Reynolds numbers greater 
than 1000 has been studied by Comings, Clapp, and Taylor [2]; 
Giedt [4, 5]; Schmidt and Wenner [7]; and Zapp [8]. 
investigators found a severe dependence of the heat transfer in 
the separated region upon the Reynolds number. The local Nus- 
selt number exhibited in all cases a minimum value at the point 
of separation and an increasing value in the separated region. 
In many cases the local Nusselt value exceeds the value at the 
forward stagnation point. At very high Reynolds numbers 
the curves exhibit two minima [7, 8}—the first attributed to 
boundary-layer transition, the second to separation. 

The local-heat-transfer coefficient has been studied on spheres 
by Carey [1]. It was found that a minimum value existed at the 
separation point, and in the separated zone the transfer value rose 
sharply at first and then at decreasing rate. The values attained 
in the separated region again equaled or exceeded those at the 
forward stagnation point. 


These 


The effect of turbulence of the approach stream has been found 
to affect heat transfer on cylinders both in the unseparated and 
separated regions [6,8]. In general, the unseparated coefficient is 
increased with increasing turbulence level, while the values in the 
separated region are relatively unaffected and with extreme tur- 
bulence actually depressed because of delayed separation. 

The work which exists for heat transfer in separated flow is 
confined almost exclusively to cylinders or spheres in crossflow. 
This restricts severely the geometries which can be analyzed even 
approximately. No work appears to have been published on 
flat plates undergoing separation, or heat transfer on areas of 
separation caused by abrupt enlargements or contractions. 


Acoustics and Vibrational Effects on Heat Transfer 


The phenomenon of streaming induced by sound fields has been 
studied since the late nineteenth century as a fluid-flow phe- 
nomenon in isothermal systems. The first work involving vibra- 
tional effect upon heat transfer was published by Martinelli and 
Boelter [16] in 1938. These investigators found that at low- 
vibrational Reynolds numbers no effect upon heat transfer was 
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evidenced; at high vibration intensities, the heat-transfer co- 
efficient showed increases of up to 400 per cent. Boelter later re- 
ported that the results of this work could not be reproduced 

Kubanskii [11, 12] has performed extensive investigations upon 
the influence of a steady-sound field upon the free convection 
from a heated horizontal cylinder in the air. Shadowgraph tech- 
niques indicated that circulation cells near the hot surface were 
produced with outward flow at the nodes and inward flow at the 
antinodes. The sound field was found to increase free-convection 
heat transfer by 75 per cent. In later works [13], this investiga- 
tor studied a standing sound field’s effect on cylinders with hori- 
zontal crossflow. Heat-transfer rates increased up to 50 per cent, 
but only when the average vibrational velocity was equal to or 
greater than crossflow velocity 

Lemlich [14] studied the effect of vibrations upon free-conve« 
The fre- 
Heat transfer increased with increases 
of frequency and/or amplitude 


tion heat transfer from horizontal heated wires to air. 
quency range was low. 
Anantanarayanan and Rama- 
chandran [9] observed increases of up to 130 per cent from a heated 
wire in forced parallel flow. Their results showed that the ratio 
of mean vibrational velocity to air velocity was a controlling factor. 

Tsui [19] has demonstrated that the general equations relating 
This in- 
vestigator studied vibrational effects upon a vertical heated 
plate. 


vibrations and heat transfer are presently not solvable. 


Shine [18] showed heat-transfer increases of up to 50 per 
A criti- 
Harrison, et al. {10}, 
studied the effect of a sound field upon transfer in a vertical tube 


cent when a vertical plate was vibrated normal to itself. 
cal vibration intensity was shown to exist. 


undergoing free and forced convection. 

Lighthill [15] and Nickerson [17] have analytically studied the 
effect of fluctuations upon the heat transfer from systems with 
laminar boundary layers. Generally, studies of heat-transfer 
phenomena in pulsating-flow systems have shown increased rates 
of heat transfer, but data have also been reported which show no 
effect or even a decrease of the rate of heat transfer. This ap- 
parent conflict is due to the fact that the reported data were ob- 
tained at different frequencies, amplitudes, wave forms, Reynolds 
and Prandtl numbers, and so forth, and no theory was available 
for a rational interpretation of these experimental findings 
However, as it is shown in [26] part of these apparent discrepan- 
Richardson 
[20] showed that in the laminar region of a pulsating flow the 
velocity profile at the wall has 


cles may be explained by theoretical considerations. 


a steeper gradient than in a 
Therefore if similarity considerations would 
Linke [22] 
measured such an increase by a factor of 4 for laminar flow of oil 
in tubes. 


similar steady flow 


be valid, increased heat transfer may be expected 


In the turbulent regime an increase of only 35 per cent 
However, for turbulent flow of water West and 
Taylor [21] reported increased heat transfer by about 70 per cent 
Havemann and Narayan Rao [23] investigated the heat transfer 
from a heated tube to pulsating air at Reynolds numbers between 
5000 and 35,000 and frequencies between 5 and 33 cycles per sec- 
It was found that in general for turbulent flow the heat 
transfer may increase by about 30 per cent, depending on fre- 
quency, amplitude, Reynolds number, and wave form. As a 
specifically interesting result it was found that below a certain 
“eritical frequency’ 


was obtained 


ond. 


the heat transfer showed no effect or de- 
creased below the value of the equivalent steady-state flow 
Above the critical frequency which depends on wave form and 
Reynolds number the heat transfer increases steadily but in a 
“wavy’’ fashion as is shown in [24]. For the investigated condi- 
tions (1-in. pipe diameter, airflow chopped by internal-combustion- 
engine valve system) this critical frequency was about 18 cps at 
Re = 15,000 and 28 cps at Re = 20,000. Finally, Romie [25] 
showed a theoretical and experimental study with pulsating air 
in a tube of almost 1-in. diameter at frequencies between 3 and 
133 cps that for laminar flow at least some of the apparent dis- 
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crepancies of the various reported data may be analytically ex- 
plained. On the basis of the laminar-flow theory also the experi- 
mentally measured general behavior of the turbulent pulsating 
flow which was in good agreement with the data reported in [24] 
could be explained. In essence, the following results were ob- 
tained: (a) The phase difference between temperature of the sur- 
face and the temperature gradient of the fluid exerts a large in- 
fluence on the heat transfer; time-invariant wall temperatures 
show the largest effect, in phase-fluctuating wall temperatures, i.e., 
constant-heat-flux conditions, considerably less; (b) velocity pul- 
sations, as such, in laminar flow decrease the heat-transfer coeffi- 
cient below the steady-state value; in turbulent flow increasing heat 
transfer may be obtained by a pulsation-affected increase in tur- 
bulence; (c) the amplitude of the fluctuation exerts a major influ- 
ence on the heat transfer only if the ratio of the pulsative velocity 
increment to the mean velocity is larger than unity, i.e., if the local 
velocity at the wall reverses direction during the pulsation cycle. 
The difference of the reciprocal heat-transfer coefficients was 
found to be proportional to the square of the mentioned velocity 
This 
Although Ref. [25] 
improved the state of the art by a considerable step, more 
systematic analytical and experimental work is needed to find 
the general solution for predicting the heat-transfer effects in 
fluctuating-flow systems. 


ratio. A similar result was experimentally found by [22]. 


effect increases with increasing frequency. 


A similar condition exists with respect 
io the effects of sound waves on the heat transfer. Sufficient ex- 
perimental evidence has been presented by recent investigations 
that sound waves affect the boundary layers on heat-exchanging 
Since the 
convective heat transfer is primarily determined by the local mass 
flow along the heat-exchanging surface the effects of sound phe- 
nomena on the heat transfer may very likely be traced to the ef- 
fects due to interactions of the sound field with the local flow field 
on the heat-exchanging surface 


surfaces, resulting in increased rates of heat transfer. 


For about 70 years considerable 
effort has been spent on analyzing and measuring the interaction 
phenomena of sound waves with solid bodies. Fand and Kaye [28] 
present a very complete survey of the past and current efforts de- 
termining such interaction phenomena on bodies of simple geome- 
try, mainly spheres or cylinders. Raney [26] and others have 
analyzed and experimentally measured such sound-induced flow 
fields, called “acoustical streaming’’ in the vicinity of cylinders. 
It was shown that a rather complex vortex system is generated 
whose profile depends on sound frequency, wave lengths, body 
dimension, viscosity, and so forth. Unfortunately, no analysis 
has been reported yet describing the mechanism of the interaction 
of the acoustical streaming field with the flow field in the boundary 
layer along the body. All experimental data reported so far deal 
with the gross effects on the heat transfer. Holman and Mott- 
Smith [27] investigated the over-all free-convection heat transfer 
from horizontal cylinders in constant-pressure sound fields. In- 
crease of the heat transfer by more than 100 per cent over the no- 
sound value was observed at sound-pressure levels up to 150 db 
within the frequency range from 2780 to 4710 eps. Little effect 
was observed below a ‘critical sound-pressure level’’ of 134 db. 
The influence of the frequency on the heat transfer diminished at 
the higher sound-pressure levels, and it was only slight at the 
lower levels. Fand and Kaye [28] studied systematically the free 
convection on horizontal cylinders in standing sound waves in the 
frequency range of 1100 to 6120 eps at sound intensities of up to 
151 db. They also found a “critical sound-pressure level’’ be- 
tween 136 and 140 db beyond which the heat-transfer rate con- 
siderably increased, up to three times that of the no-sound value 
under otherwise equal thermal conditions. A flow-visualization 
study by means of smoke streams revealed the generation of large 
vortices near the rear stagnation point of the cylinder, which may 
be explained as a flow-separation effect. The authors could repre- 
sent their findings by the empirical correlation 
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Tests were also conducted in traveling waves which showed at the 
lower frequency regime about the same increase as the standing- 
wave experiments, but somewhat less increase at the higher fre- 
quencies. In order to gain more insight into the mechanism in- 
volved, Sprott and Holman [29] repeated their earlier tests [27] 
in traveling sound waves over the frequency range from approxi- 
mately 1000 to 5000 eps at similar sound intensities as before. 


At the lower frequencies increases of the heat transfer by about 


(f) 
142 db 
Ah-+ i9% 


185 per cent were observed. Flow-visualization tests by means of 
motion-picture shadowgraphs revealed that the sound did not 
affect the boundary layer in vicinity of the stagnation point but 
had considerable affect on the formation of the wake. It appears 
from the shadowgraphs, shown in Fig. 3 from [29] that the sound 
causes an upstream shift of the separation point with a subsequent 
random turbulent motion in the very much enlarged separation 
zone, which may be responsible for the observed increase in the 
heat-transfer rate Jackson, et al. 
[30] studied the effects of standing sound waves on the combined 
free and forced-convection heat transfer in a vertical tube. In- 
crease in heat transfer by about 50 per cent was obtained beyond 


(See attached photographs. ) 


a critical sound-pressure level of 118 db. This increase was at- 
tributed to secondary flow phenomena caused by acoustic stream- 
ing from the nodes to the antinodes of the sound waves in the 


tube. Similar data observed at higher velocities in horizontal 
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Fig. 3. Effect of sound pressure level on free convection boundary layer at 1660 cycles per second 
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tubes were reported by Spurlock, Jackson, Purdy [31]. A critical 
or threshold sound-pressure level of 141 db was found, below which 
little effect on the heat transfer could be observed. At about 151 
db increases of the local-heat-transfer coefficients by 75 per cent 
were measured in the frequency range from 217 to 500 cps. Al- 
though the data could be represented by an empirical correlation, 
no analysis was reported. 
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Unsteady Turbulent Heat Transfer in Tubes 


E. M. SPARROW: 
R. SIEGEL 
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Cleveland, Ohio. Assoc. Mem. ASME 


An analysis is made of the unsteady turbulent heat transfer in a circular tube whose 
wall temperature varies arbitrarily with time. The flow is steady and fully developed. 
The formulation permits the heat-transfer coefficient to vary with time and position in 
accordance with the energy conservation principle. 


This is in contrast to previous 


transient analyses where it has been standard to use steady-state, fully developed co- 


efficients. 


The first step in the analysis yields the heat-transfer response to a step 


jump in wall temperature, and this is then generalized by a superposition technique 


to apply to arbitrary time variations. 


Use of the generalized results is illustrated by 


application to the case where the wall temperature varies linearly with time. Comparison 
is made between the unsteady heat-transfer results of the present theory and those com- 
puted using steady-state heat-transfer coefficients. 


Introduction 


C. )NSIDERABLE PRACTICAL INTEREST in the unsteady 
heat-transfer characteristics of flow systems has been stimulated 
by the needs of modern technology, especially in relation to the 
use of automatic control equipment. To gain insight into the 
transient behavior of heat exchange devices, it has been common 
to study a typical element of the apparatus; namely, a single 
passage and its bounding walls. The flow in such a passage will 
almost always be turbulent. 

In previous analyses of unsteady turbulent heat transfer, some 
assumptions have been introduced to make the problem more 
tractable. First of all, the heat-transfer coefficient used for the 
unsteady situation has been evaluated from steady-state relation- 
ships. This assumption sets aside any consideration of the actual 
transient temperature and energy transfer processes at each point 
in the cross section. Instead, the thermal state of the fluid is 
represented by a single bulk temperature at each cross section, 
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Nomenclature 


and energy conservation is then written on a one-dimensional 
basis. A second simplifying assumption which is generally in- 
voked in the unsteady analysis is that the heat-transfer coefficient 
is uniform along the length of the passage. In short passages or 
in the thermal entrance regions of longer ones, steady-state tur- 
bulent heat-transfer theory has shown this assumption to be in- 
adequate. 

In the analysis to be reported here, an altogether different ap- 
proach is taken toward the problem of unsteady turbulent heat 
transfer in passages. Instead of assuming heat-transfer coeffi- 
cients which are steady with both time and position, the heat- 
transfer coefficient will now be permitted to vary as it wishes in 
accordance with the energy conservation principle. 

The system selected for study, as pictured in Fig. 1, is a circular 
tube whose wall temperature may vary with time. Through 
the tube there passes a steady, fully developed turbulent flow 
which is unchanging along the length. At the entrance section 
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Fig. 1 Physical model and co-ordinates 





coefficient in linearly varying wall 
temperature, see equation (33) 

coefficient 
19 


defined in equation 


coefficients in series expansion of 
temperature distribution 


tube center line; ro, tube radius 
dimensionless radial co-ordinate, 


local heat-transfer rate per unit tance from tube entrance 
area at tube wall 


dimensionless axial co-ordinate, 


radial co-ordinate measured from x/d 


dimensionless co-ordinate, ro* — r* 
molecular diffusivity for heat, 


specific heat at constant pressure 
coefficients in series expansion of 
temperature distribution for 
pure diffusion 
tube diameter, 2ro 
function of z and ¢ in transient 
solution, see equation (20) 
local heat-transfer 
q Je 2 T;) 
quantity defined in equation (30) 
thermal conductivity 


coefficient, 


index determined from equation 
(31) 

local Nusselt number, hd/k 

Prandtl number, v/a 
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rV tr» /p/v; ro*, dimensionless 
tube radius, roV To p/v 

Reynolds number, dd/v 

temperature; 7',, bulk fluid tem- 
perature; 7, temperature of 
fluid entering tube (a constant); 
T.,, tube wall temperature 

time; ¢,,, refers to time required to 
reach steady state 

dimensionless time, tv /r? 

fluid velocity in the z-direction; 
ii, mean fluid velocity 

dimensionless velocity in the z- 


. . f 
direction, u/V To/p 


axial co-ordinate measuring dis- 


k/pe, 
eigenvalues of equation (6) 
dimensionless total thermal dif- 
fusivity, (@ + €,)/v 
eddy diffusivity for heat 
dimensionless temperature, 
(T — T,)/(T. — T,) 
absolute viscosity 
kinematic viscosity 
dummy integration variable 
eigenvalues of equation (23) 
fluid density 
wall shear stress 
eigenfunctions of equation (6) 
eigenfunctions of equation (23) 
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(2 = 0), the temperature distribution within the fluid is uniform 
at 7. 
conditions may prevail: (1) The tube walls may also be at 7, 
with no heat being transferred to or from the fluid; or (2) the 
tube walls may be at some uniform value different from 7, re- 
sulting in a steady-state turbulent heat transferto or from the 
fluid. 


wall temperature changes with time 


Prior to the transient period, either of two possible initial 


Att = 0, a heating or cooling process begins in which the 
(but is spatially uniform at 
any instant). In response to the prescribed change in wall tem- 
perature, there will be a corresponding variation of the heat 
transfer rate as a function both of time and of position along the 
tube. Our goal is to formulate a predictive theory for the heat 
transfer which sets aside the previously standard assumption that 
the heat-transfer coefficient is constant. 

The first step in the study is to determine the heat-transfer re- 
sponse to a sudden change (step function) in wall temperature, 
starting from an initial condition of no heat transfer (i.e 
7 T To illustrate the 


u 
Reynolds and Prandtl numbers, numerical computations ar 


, initially, 
method and show trends with the 


carried out 
Pr = 0.7, 
500,000 


solution, since by a superposition technique it is generalized to 


for the following Reynolds-Prandtl combinatioris 
10, and 100 for Re = 100,000; and Pr = 0.7 for Re = 
The step function formulation serves as a fundamental! 


apply for arbitrary time-variations in wall temperature \ 
further generalization is made to permit the transient to start 
from an already-established steady-state heat-transfer situation 
(initially 7, + 7»). To show the use of the generalized résults, 
an example is carried out for the situation where the wall tem- 


, 
perature increases in a linear fashion with time, ie., a ramp 
function 

The heat-transfer results for the step function and for the 
ramp function are compared with those computed using the 
approximation that the heat-transfer coefficient is steady. From 
this, it will be possible to gain insight into the errors associated 
with this simplifying assumption. 

A method similar to that used here was devised by Siegel [1]? in 
connection with unsteady laminar heat transfer in tubes and 
channels 


Step Change in Wall Temperature 


The starting point for our study of the transient response to a 
step change in wall temperature is the conservation of energy 
principle. The mathematical statement of this law appropriate 
to fully developed hydrodynamic conditions may be expressed in 
cylindrical co-ordinates as 


oT oT 1o oT 
+ u = ria + €,) 
ot Or r or or 


where a@ and €,, respectively, denote the molecular and eddy dif- 
fusivities for heat. In writing equation (1), the axial diffusion of 
heat and the viscous dissipation have been neglected relative to 
the radial diffusion. In addition, the variation of the fluid proper- 
ties has not been considered. 

Before approaching the formidable task of solving equation (1 
it is useful to note some of the physical characteristics of the 
problem which will be useful in constructing and verifying the 
solution. First of all, for a period of time immediately following 
the step change in wall temperature, the heat transfer at each 
The effects of axial con- 
vection do not manifest themselves at a given position z until 
0 has 
Hence the duration of this period 
Any 


axial position is due to diffusion alone. 
fluid which was situated at the entrance section at t = 
traveled down to position z. 


of pure diffusion increases with distance from the entrance. 


? Numbers in brackets designate References at end of paper 
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solution which is proposed for equation (1) will have to be com- 
pared with that for purely diffusional heat transfer. Second, 
for large values of time, the transient effects should die away and 
the heat-transfer characteristics should approach those of the 
steady state. Since the steady-state solution will be used in 
constructing a solution for equation (1), a brief review of the 
steady-state formulation appears worth while. 

Review of Steady-State Solution. For steady state, equation (1) 
may be applied once the energy storage term 07'/dt has been de- 


leted. A dimensionless form of this equation may be written as 


(m7 5) 


+, «*, and @ are the dimensionless counterparts of u, 


ut 06 mr” O 

9 ; + Ort 
where u*, r 
r, z, and T' as defined in the symbol list, while y is a dimension- 
less diffusivity. The boundary conditions which must be satisfied 
by the temperature are 


m i or , 
T(0, r) = To, T(z, ro) = T,, > (xz, 0) = 0 (3) 


r 


The first two of these represent the imposed temperatures at the 
entrance section and at the tube wall, while the third condition is 
the symmetry requirement at the center line. In terms of the 
new variables, the boundary conditions (3) become 


a4 #8) @ @ (4) 
r 


The solution to the boundary value problem represented by 
equations (2) and (4) may be written in the form (refs. [2, 3]) 


« 


6 = > C0, (r*)e~ *8n** */Re (5) 


n=1 


where 8, and @, are the eigenvalues and eigenfunctions of the 
following Sturm-Liouville problem’ 


1 28,2 r+ 
guy ral + ess u*] >, 
dr* dr* Re . (6) 
| 


o,(ro*) = 0, dd,/dr*\, = 0 


Once the eigenfunctions have been found, the set of constants C,, 
may be determined in accordance with Sturm-Liouville theory 


from the quotient: 
ro* 
ak rtutd, dr* 


. = 
f, r*tutd,?dr* 


and this assures that 


n=1 


to satisfy the condition that @ = 1 at z = 0. 

From the temperature distribution, equation (5), various quan- 
tities of engineering interest can be determined. For example, 
the local wall heat transfer, heat-transfer coefficient, and Nusselt 
number may be computed from their definitions 


oT 
q = ‘ (2) ‘ ,h= : 
r In — 


where the bulk temperature 7’, is given by 
* Solutions of equation (6) are possible only for a discrete, though 
infinite, set of values of 8,. 
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Fig. 2 Representative steady-state Nusselt number curve 


f T u2ar dr 
0 


T, = 


’ = 
u 2xr dr 
0 


A typical steady-state Nusselt number curve (Pr = 0.7, Re = 
100,000) is shown in Fig. 2. The plot illustrates the manner in 
which the high entrance region Nusselt numbers decrease steadily 
toward the fully developed value as z/d increases. The thermal 
entrance length is defined as that portion of the tube in which the 
Nusselt number deviates significantly (e.g., by 5 per cent or more) 
from the fully developed value. For fluids in the range Pr > 0.7, 
the extent of the thermal entrance length decreases appreciably 
with increasing Prandtl number, while the Reynolds number has 
only a small influence. 

The steady-state analysis depends upon obtaining solutions of 
the eigenvalue problem (6). Since both the Reynolds and Prandtl‘ 
numbers enter the equation, it is clear that there will be a different 
set of eigenvalues for each pair of these parameters. It is also 
necessary to specify the velocity distribution u* and the dimen- 
sionless diffusivity -y, and this information is given in Appendix 
\. Although knowledge of the eddy diffusivity is still in a state 
of uncertainty, the application of the expressions used here in 
previous analyses has led to excellent heat-transfer predictions 
for the Prandtl number range of present interest, Pr > 0.7. 

Utilizing the Kutta-Runge method of numerical integration in 
conjunction with an IBM 653 electronic computer, seven eigen- 
values and the corresponding eigenfunctions have been deter- 
mined for each of the Reynolds-Prandtl combinations which have 
been mentioned in the Introduction. Some of the prime results 
are listed in Appendix B, Table 2, and this information will be 
directly applicable to the transient solution. 

\ final relationship needed in carrying out the transient analysis 
may be found by integrating equation (6) from r* = 0 to ro* 
giving 


’ 


ro *? Re(d@,,/dr*)ry+ 
2Pr J rtutd,dr* 
0 


Complete Solution for Transient and Steady States. We now return 
to the time-dependent energy equation (1) to seek a solution 
which will apply during both the transient and steady states 
and which is valid in both the entrance and fully developed re- 
gions. To facilitate the solution, equation (1) is integrated across 
the section from r = 0 to ro, giving 


* See the definition of y in Appendix A 
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1 re* 1 ro* 
- -- r*0dr+ | + — = rtu*é dr* 
rot? Ot* 0 2ro* dat 0 


To* (*) 
- (10) 
Pr \dr*/ ++ 


where dimensionless variables have been introduced. The tem- 
perature must obey the same boundary conditions as stated in 
equations (3) or (4), plus the initial condition that 


T(z,r) = T, at t¢=0, or W&z+,rt+) =1 at 


t+ = 0 
(11) 


The form of the steady-state solution, equation (5), plus pre- 
vious experience with the laminar flow problem prompts us to 
now propose a solution of the form 


6 = C,F,(2*, t*)d,(r*) 


n=1 


(12) 


where the C,, and @, are the values from the steady-state solution, 
and the F, are a set of functions which depend only on z and ¢. 
The F,, are found by applying the integral conservation of energy 
principle (10). Introducing (12) into (10) and rearranging gives 


. > C Lf +h i+ | Fs 
+2 " e a ott 


n=l 


i 
c ] F, (13a) 
dr * _|r5* 


- ‘ > + + oF’, 
or? ‘ r*u*d, dr - 
= To . dd, F ; 13 
Pr Ldr*+},,+ * 


Equation (136) is a partial differential equation for determining 
the /,, as a function of z* and t*. An equation of this form is 
ideally suited for solution by the method of characteristics. As is 
indicated in reference [4], the solution of the partial differential 
equation (13b) is equivalent to the solution of the following pair 
of ordinary differential equations 


dt* 


, [ ere? | 
rr } r*, dr* 
ro /V 


a dF, 
" F, To o “| 
Pr ro* 


On the z* — t* plane (Fig. 3), there is a family of straight charac- 
teristic lines whose slope is found by using the first equality of 
(14): 


9 re” + ‘ 
dt* 2 f, r*o, dr 


48,°Pr e r*d, dr* 
= = - (15) 
dz* ro* a rtu*d, dr* ro**Re(dd,,/dr*)r.+ 


) 
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Fig. 3 Representation of characteristic lines on x* — t* plane 


where equation (9) has been introduced to obtain the last term 
of (15). The variation of F, with z* and t* along the char- 
acteristic lines is also found from equation (14). 
characteristics which intersect the z* 
that 


Along those 
axis, we find from the first 
and last members of (14 


0% dd, /dr*)r.+ 
F,. = exp : a?,/ar i* 


Pr [ * r*@,, dr* f 


It is noted that F, = 1 whent* = 0. With this, and making us 
of equations (12) and (7a), it is seen that the initial condition 6 = | 
is satisfied. Along the characteristics which intersect the t* axis, 


the second and third members of equation (14) give 


2r,** dd,, dr * }r_+ 


rt 
Pr ff Pre ’ 
0 


= exp 


or by using equation (9 
) 
F, = exp =" IS 
a 


For z+ = 0, F,, = 1, and hence from equations (12) and (7a) it 
is seen that the entrance condition that 6 = 


satisfied. 


lat z = 0 is also 


So far, we have succeeded in finding a solution for F,, in two 
parts, one to be applied on the characteristics intersecting th« 
x* axis and the second on the characteristics intersecting the ¢ 
axis. Thus the characteristic passing through the origin becomes 
the dividing line to delineate when we use one expression or the 


other. Now, from equation (15), the equation of this limiting 


18,2 Pr . r*o, dr* 


ro**Re (d@,,/dr* r+ 


= az (196 


~ 


characteristic is 


(19a 


where a, Then it 


while, if 


is an abbreviation of the quantity in braces. 
follows that, if t+ < a,2*, we use equation (16) for F,; 
t* > a,x*, equation (18) is used. 


With this, we can restate our general temperature solution as 


exp ; =~ 
‘ . ar* 
Pr f, r*d, d 


5 AS ok 


exp 4 — z*?, 

{ Re f 
This solution satisfies all boundary conditions and the initial 
condition. Also, it is clear that as {* — @, the correct steady- 


state solution is approached [see equation (5)]. So, equation 
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FROM INTEGRATED EMERGY EQUATION 
———— FROM DIFFERENTIAL EWERGY EQUATION 
Pr+0.7 Re = 100,000 
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Fig. 4 Representative comparison of heat-transfer predictions for period 
of pure diffusion 


(20) provides a means for calculating the temperature distribution 

and hence the heat transfer) throughout the entire transient 
period provided only that steady-state solutions are available 

Before turning to the heat-transfer computation, there is a final 
spect of the general temperature solution which requires discus- 
sion. It should be noted that this solution satisfies an integrated 
energy equation (10) rather than the corresponding differential 
equation, and it is desirable to inquire as to whether important 
errors are introduced. One source of confidence in our solution is 
that, for large times, it approaches the correct steady-state solu- 
tion. A second support for the solution would be a close agree- 
ment at small times with the results for purely diffusional heat 
transfer. Such a comparison is made in the next section. 

Verifying the Solution et Early Times. It has already been pointed 
out that for a period of time immediately following the step jump, 
convection has no influence, and all of the heat transfer is due to 
one-dimensional diffusion. This diffusion is made up of both 
molecular conductivity and eddy diffusivity. For this period of 
pure diffusion, we now proceed to find a temperature solution 
which satisfies the differential form of the conservation of energy 
equation. 
tion (20), 


These results will be compared with those from equa- 
which satisfy an integrated form of energy conserva- 
uon 

For the period of pure diffusion, equation (1) may be applied 
once the convection term u 07'/dz has been deleted. 
dimensionless variables, the equation becomes 


o6 m** Oo ( *.) 
~s rey 
ot” er? or* or” 


Introducing 


A solution may be written in the form 
D,Q,(r*)e~ nt" 
n=1 


where Q2, and A,? are the eigenvalues and eigenfunctions of the 
following Sturm-Liouville problem 


c + 
d rey dQ, 4 (2 A,? Q,, 
dr* dr* ro*? 


dQ,,/dr*\>5 = 


(23) 


Q,(ro*) = 0, 
The constants D, are found by imposing the (initial) condition 
that ati*+ = 0 


Using the property that the eigenfunctions Q, are orthogonal with 
respect to the weighting function r*, it immediately follows that 
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(24) 


The first seven eigenvalues and eigenfunctions of equation ‘23) 
have been computed for each of the Reynolds and Prandtl ni:m- 
bers previously mentioned. From these solutions, quantities per- 
tinent to the heat-transfer computation are listed in Appendix 
B, Table 3. 

The heat-transfer rate at any time during the period of pure 
diffusion may be computed from Fourier’s law 


oT era = 06 
k ) = { va . T'o)ro 4 
or Jy r Ort / r+ 


For the temperature solution (22) which corresponds to the dif- 
} I 


q = 
ferential form of the energy equation, the heat transfer is 


qTo i a4 De r, 2 ‘ (2: 
k(T’, — Te) 7 . dr* ] r+ 


n=1 


(26) 


Numerical values needed to evaluate the series (26) are given in 
Appendix B, Table 3. 

For comparison with equation (26), an alternate heat-transfer 
prediction for the period of pure diffusion can be made from the 
general temperature solution (20), which satisfies an integral form 
of the energy equation. 

20), it is found that 


Applying Fourier’s law (25) to equation 


qro 


To)k 


(27) 


' (‘*-) ro**d@,/dr*)r,+ 
( a exp &* 


dr* 


" f rtp, dr+ | 
0 ) 


where numerical values needed to compute the series are found 
in Appendix B, Table 2. 

The heat-transfer results from equations (27) and (26) have 
been compared over a large span of time for each of the cases 
tabulated in Appendix B The comparisons for all of the 
cases were so similar that only the results for a typical case (Pr = 
0.7, Re = 100,000) need be shown. Referring to Fig. 4, it is seen 
that the heat-transfer predictions from these two equations are 
very close, the greatest deviation being about 4 per cent. So, this 
demonstration of accuracy for the period of pure diffusion lends 
further support to the over-all temperature solution (20). 

Heat-Transfer Results. Having established the validity of the 
over-all temperature solution (20) for small as well as for large 
times, we now proceed to use it in deriving heat-transfer predic- 
tions for the entire transient period. Applying Fourier’s law (25) 
there is obtained 


aro d 
= id - = —fro* > CP at, 0) ( ~ 
(Ws To)k dr+],.+ 


n=1 


to equation (20), 


(28) 


where the F, are as defined in (20). Equation (28) has been 
evaluated for the several Reynolds-Prandtl combinations for 
which steady-state information is listed in Appendix B, Table 2. 
The heat-transfer results corresponding to each case are plotted 
In each 
figure, curves are given which show the heat-transfer response at 
positions ranging from z/d = 2 to x/d = 100. 


as a function of time as solid lines in Figs. 5 through 8. 


Discussion of the 
dotted and the dashed lines, which correspond to predictions 
based on steady-state heat-transfer coefficients, will be deferred 
until a later section. 
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Aside from scale changes, the manner in which the heat transfer 
varies with time is generally the same in all the figures. Turning 
to Fig. 5 for purposes of discussion, suppose we focus our atten- 
At very 
small times, the heat transfer is only by pure diffusion and fol- 


tion on some position along the tube, say z/d = 20. 


lows along the envelope curve, decreasing with increasing time. 
Then, at t+ = 0.00078, convection begins to act and the curve 
breaks away from the pure diffusion envelope, with the heat 
transfer continuing to decrease until the horizontal steady-state 
line is reached. If, as an approximation, the steady-state line 
were extended to the left to intersect the pure diffusion curve, the 
heat transfer thus predicted would be lower than that given by 
equation (28), but not by a practically significant amount. How- 
ever, such an approximation does not provide any labor-saving 
aspects, since it requires the computation of the curve for pure 
diffusion. a task which is no easier for turbulent flow than the 
computation of the steady-state functions needed for equation 
(28). 

It is observed from the figures that the curves computed from 
equation (28) do not have continuous curvature during the 
transient convection period. This arises because of the approxi- 
mations of the theory; namely, that an integrated energy equa- 
tion has been satisfied rather than a differential energy equation. 
At the larger z/d, fewer terms contribute to the solution (because 
the exponential factors are small), so the curves appear less con- 
tinuous. In evaluating equation (28), cognizance was taken of 
the fact that the series was truncated after seven terms. The 
practical effect of this truncation was that the curves of Figs. 5 
through 8 could not be extended all the way back to ¢* = 0; but 
rather, had to begin from some later time (which varied with the 
Reynolds and Prandtl numbers). 

The results of Figs. 5 through 8 serve to illustrate the analytical 
method as well as to supply heat-transfer information for specific 
Reynolds and Prandtl Corresponding results for 
any Reynolds-Prandt! combination can be determined by dupli- 
cating the procedure followed here. The required solutions of 
the steady-state equation (6) can be expeditiously obtained by 
high-speed electronic computing equipment. 


numbers. 


A result of practical interest which may be obtained from the 
figures is the duration of the transient period, and this will be dis- 
cussed in the following section. 

Time to Reach Steady State After a Step Jump. 
to steady state is actually an asymptotic process, we will define a 
steady-state time as that required for the heat transfer to come to 
within 5 per cent of the steady-state value. Such times have been 
found from Figs. 5 through 8 and plotted as a function of position 
z/d as solid curves in Fig. 9. 


Since the approach 


Also appearing in this figure are 
straight lines (dotted) corresponding to the time z/a, which ap- 
proximately represents the time at which the heat-transfer process 
at any position z is influenced by the convection of fluid from the 
tube entrance. In dimensionless variables, t,, = 
t,,* = 4(2z/d)/Re. 


as 


z/i becomes 


The upper grouping of three solid curves are all for a Reynolds 
number of 100,000 with the Prandtl number varying from 0.7 
to 100.° 
the time required to attain steady state, but by no more than a 
The Reynolds 
number has a significant effect on the steady-state time; with the 
time going approximately in inverse proportion to the Reynolds 
number. 


As the Prandtl number increases, there is a decrease in 


factor of three for this Prandtl number range. 


The simple relation ¢,, = z/d gives a fairly good esti- 
mate for a Prandtl number around unity, but tends to overesti- 
mate the time as Prandtl number increases. However, for the 
purpose of providing an order of magnitude estimate (which is 
sometimes all that is required), x/d appears to be useful. 

5 The curves of Fig. 8 do not extend back to sufficiently short times 
to permit computation of the complete Pr = 100 curve. 
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Fig.6 Heat-transfer response to a step jump in wall temperature; 


Pr = 0.7,Re = 509,000 


Arbitrary Time-Dependent Wall Temperature 


The linearity of the energy equation permits us to use a super- 
position technique to generalize the step-function results. Con- 
sider a process in which there is no heat transfer (i.e., 7, = 7's 
it < A; and then, at ¢ = A, a step change in wall temperature of 
magnitude dT, is applied. The heat-transfer response to such a 
process may be computed from equation (28) to be 


_ ip, 
ws AT. { 19" ) e.F (zt, +) (@ 
k ( dr * ] 5+ 


n=i 


But, as may be seen by referring to Fig. 10, this small step may be 
considered as an elementary part of an arbitrarily variable wall 
temperature. The heat transfer corresponding to such a time- 
dependent wall temperature is found by integrating equation (29) 
After introducing the definitions of the F, from equation (20 
and rearranging, there results 
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Heot-transfer response to a step jump in wall temperature; 
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Fig. 7 Heat-transfer response to a step jump in wall temperature; 
Pr = 10, Re = 100,000 
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Fig. 8 Heot-transfer response to a step jump in wall temperature; Pr = 
100, Re = 100,000 
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Fig. 11 Heat-transfer response to a linearly increasing wall temperature; 
Pr = 0.7, Re = 100,000 


(31 
0. The integrals appearing in equation 


30) are Stiljes integrals, so that step jumps as well as smoothly 
varying included. Once T', 
prescribed, the computation of q essentially amounts to the add- 


wall temperatures are has been 


ing up of the several terms* of the series for each t* and z* of 


interest. The use of equation (30) will be illustrated in a later 


section 
Generalization to T,, ~ 7, Initially. The preceding discussion has 
been confined to the situation where the transient started from a 


The information of Appendix B permits the use of the first seven 


terms 
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condition of zero heat transfer (7',, == 75). Now, we consider the 
case where there initially exits a steady-state heat transfer with 
T,, # To. To facilitate the derivation, we imagine that the steady 
state at ¢ = 0 was achieved after an earlier imaginary transient 
process in which the initial conditions for equation (30) were ful- 
filled. Following through on this basis, it is found that equation 
(30) will apply if the following term is added: 


Y d,, + m 
rot C, ( e7 nt nt (T,, — Tot=0 
dr* ro* 


N 


(32) 


where the value of N corresponding to ¢* and z* is found from 
(31). 


Linearly Increasing Wall Temperature 


To illustrate the use of the generalized heat-transfer results of 
the preceding section, we consider the case of a wall temperature 
which increases in a linear fashion with time, i.e., 

T, — Ty = At* (33) 
The findings thus obtained will be later compared with an alter- 
nate heat-transfer prediction using the previously standard as- 
sumption that the heat-transfer coefficient is constant with time. 

Introducing the linear wall temperature variation into equation 
(30) and noting that d7',(A) = Ad, we are able to carry out the 
integration. After rearrangement, the heat-transfer result be- 
comes 


N-1 j ' 
qro dg, Jia 2z* + + I 
—_ = . n’n ct’ — a, T 
kA ym =). a | _ J, 
2° 
rot? | 


n=N 


rd, ar] fey” — 1] (34) 


where N is determined from equation (31) for a given ¢* and z*. 
For purposes of illustration, we have evaluated equation (34) for 
the case: Pr = 0.7, Re = 100,000. In Fig. 11, the dimensionless 
wall heat transfer has been plotted (solid lines) against time for 
two positions along the tube: z/d = 5 and z/d = 50. Curves 
at other values of z/d are omitted to preserve the clarity of the 
figure. At the larger times appearing on the abscissa, the heat 
transfer increases linearly with time; but unfortunately, this be- 
havior is obscured by the semilogarithmic co-ordinates. 


Comparison With Results for Constant h 


We now proceed to compute for comparison purposes, the heat- 
transfer response to a prescribed time-dependent wall tempera- 
ture, under the assumption that the heat-transfer coefficient h is 
constant with both time and position. For such an analysis, the 
state of the fluid at any cross section may be represented by a 
single bulk temperature. Then a one-dimensional energy balance 
on a cross section yields 

oT, oT, 
prry*c, dx + pmr,*tc, 


dz = h2nr, dx(T, 
ol Or 


where the left-hand side represents the stored and convected 
energy, while the right-hand side is the heat transfer at the wall. 
In terms of the dimensionless variables of the analysis, equation 
(35) can be rephrased as 

t O7', oT, 
Re a+ drt 


4Nu 


T, — T (36) 
RePr 1" ~ 7» , 


Using the method of characteristics, an equivalent statement of 
this partial differential equation is 
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ReP: 
This equation has the same form as equation (14), 
des ription of the solution given there in terms of the character 
istics diagram applies here as well 
Corresponding to a step change in wall temperature, a solutior 
for the bulk temperature may | 
the local heat-transfer rate may be computed from: 


T The final res 


The first of purely diff 


while the secon vid » steady te result 


these re] isional 


For the line mperature: 7 


the solution of 


We n 
the general analysis given in 
Comparison for Step Function. 


ompare equations (35 nd (39) with the results 


the preceding sections of the paper 
The solid lines of Figs. 5 through 8 
represent the heat-transfer response to a step jump in wall tem 
perature as computed from the temperature solution (20). Ee 

tions s 


in alternate prediction for the heat-transfer 
sponse These equations are based on a steady-state heat-trans 
with position. In reality, the 
steady-state coefficient varies with x/d in the thermal entrance 
Hence there is an uncertainty as to how to s¢ 


With 


using two 


fer coefficient which is uniform 
region of a tule 


lect the Nusselt 


have bee 


number this in mind, equations (38 


Nusselt 


namely, the local value corresponding to the partic 
} 


evaluated different numbers 
ach 


zx und the fully de veloped value 
have 5 through 8 as dott 
and dashed lines (fully deve loped Nu 
the dott 


The results thus obtained 
1 lines (local Nu 
The distinction betw 


been plotted in | igs 


ed and dashed lines exists in the entrance region, whil 
/ increases they tend to fall on top of one another. T 


») Keer 
the figures fairly simple, equation (38 
three v 


ilues of z/d on each 
The figures show that re 


has been plotted for 


wardle ss of which steady-state N usse 
38) gives a poor prediction of the tra: 
sient heat-transfer response to a step Jump. 
per ature 


number is used, equation 


This type ol ter 
tnge 18 the most severe test of the ipplication of 
} 


ite cot 


icients, and the resulting poor performan 
It is clear, however, that the use of local Nusselt 
thar 


not surprising 


numbers (rathe1 fully developed values) gives better he 


transier predictions. 
Comparison for Ramp Function. The heat-transfer results deriv: 
from the new formulation of this paper have alrea ly been pl 
sented in Fig. 11 In this figure, there have also been plotted 
the predictions of equations (39) based on the use of steady-stat 
heat-tr insfer The 


coefficients distinetion between local’ 


and 
7 A further computation of the heat transfer at z/d = 

which included the variation of the 

and z/d = 5 These re 


coefficient at 5. 


5 was made 
steady-state A between z/d U 
sults agreed closely 


with those using the lo 


Journal of Heat Transfer 


and so the 


ve found from equation (37) and 


ly developed Nusselt numbers is again made. From the figure, 
it is seen that except at early values of time, the approximate 
method of equation (39) yields very good heat-transfer predic- 
tions, provided that the local heat-transfer coefficient is used. 
This implies that the heat transfer is essentially quasi-steady 
ifter an initial period. 

Comparing the findings for the step jump with those for the 
ramp function, we are led to conclude that the accuracy of the 
predictions computed using steady-state heat-transfer coefficients 
lepends strongly on the type of wall temperature change being 
considered 


Concluding Remark: Variation of T,, With x 


In the analysis presented here, it has been assumed that the 
vall temperature is uniform along the tube at any instant of time 
Extension to the situation where the wall temperature varies with 
can be achieved by using a superposition technique similar to 
that carried out in deriving equation (30). 


APPENDIX A 
Relations for u* and + 


The turbulent velocity distribution used in the analysis is given 
, * by the following relations 


; 


ref [5 


rhe total thermal diffusivity is evaluated from 


0.124 


of t 


Y j* = 26 is taken as the average of equations 
und (43 


The minus one term appearing on the right side 
13) is retained for 26 < y?* 


19 < rat/2 


and is deleted 
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B,? 


239.7 
3036 
7594 

13920 
22030 
31940 
43630 


> 
B,* 


68.39 


2652 
6937 
12930 
20630 
30030 
41140 


8,? 


15.32 
2551 
6780 

12700 
20330 
29630 
40620 


B,? 


846.9 
12420 
31260 
57370 
90760 
131400 
179400 


(a) Re 


1,2 


250.8 
3158 
7868 

14380 
22720 
32890 
44890 


(c) Re 
An? 


15.40 


Qn 


avid 
6827 
12700 
20080 
28490 
36780 


APPENDIX B 


Numerical Coefficients 


(a) 
(d@,/dr*),,. + 


ro 

—0.02865 

0.01641 
—0.01216 

0.01000 
—0 008648 

0.007775 
—0.007138 


(b) 


(d¢@,/dr*),, + 
—0. 1363 
0.06555 
—0.04423 
0.03409 
—() 02808 
0.02440 
—0 02189 


(c) Re = 


(d@,/dr*),. + 


3201 

1461 

09735 
07524 
06284 
05589 
05176 


(d) 


dr +) 
02487 
O1388 
01008 
008110 
006875 
006035 
005416 


= 100,000; Pr 


dQ, /dr* ro* 
0.02967 
0.01886 
0.01455 
0.01230 
0.01092 
0.01009 
0.009568 


100,000; Pr = 


(dQ,/dr*),,+* 


ro 
—0.3213 
0.1856 
~0. 1555 
0.1654 
0.2191 
0. 3684 
—0.6407 


Table 1 
Re 


100 ,000 
500 , 000 


Table 2 


Re = 
Ca 
1.211 

—0.3961 
0.3671 
—0.3623 
0.3606 
—0. 3588 
0.3563 


Re = 


C,. 
1.061 
—0.1111 
0.09728 
—0.09473 
0.09505 
—0) 09690 
0.09987 


Cs 


1.014 
—(). 02467 
0.02137 
—()_ 02099 
0.02147 
02253 
0.02415 


Re = 500,000; 


Cs 
1.179 
—0) 3356 
0.3128 
—().3133 
0.3176 
—0. 3223 
0.3263 


Table 3 
= 0.7 
D, 


I 
—) 
0 
—O0 
0 
—0 
0 


100 
Ds 


1.014 
—0 .02746 
0.02900 
—0.03832 
0.05963 
—0.1061 
0. 1685 


100,000; 


100,000; 


100,000; Pr = 


Tot 


2360 
9940 


Pr = 0.7 


. r*o, dr* 


0.2182 X 
—0.1793 X 
0.6105 X 
—0. 2988 x 
0.1742 X 
—0.1140 X 
0.8025 


Pr = 10 


Se r*on dr* 


0.2593 X 107 
—0.1319 XK 10° 
0.4299 x 105 
—0.2052 * 10° 
0.1178 XK 108 
—0.7651 * 10‘ 
0.5375 & 10* 


107 
10 
10° 
105 
105 
10° 
10* 


100 


im ir + 
0 " dndr 


0.2738 XK 107 
—0.1144 x 10° 
0.3798 & 105 
0.1848 x 10° 
0.1083 «K 10° 
-0.7200 & 10‘ 
0.5191 XK 104 


Pr = 0.7 


ro ° 
0 


0.4043 
—Q). 2832 X 
0.9266 
—0.4376 X 
x 

x 

x 


r*, dr* 


108 
107 
10° 
10° 
10° 
10° 
108 


0.2478 
—0.1570 
0.1072 


(b) Re = 
hn? 


0.1381 
0.07720 
—0 .05693 
0.04845 
—0.04534 
0.04600 
—0.04971 


69 53 
2702 
7052 

13100 
20840 
30180 
41050 


(d) Re 
An? 


0 
02553 
01565 
01176 
009652 
008308 
007384 
006702 


874.2 —0 
12770 0 
32020 —0 
58630 0 
92600 —-0 

133900 0 
182600 —0 


(dQ, /dr*),.* 


(dQ, /dr*),,* 


3891 
7071 
8130 
8865 
9461 
9983 
1046 


an 


3990 X 
6081 xX 
8055 X 
9504 X 
1067 X 
1163 xX 
1240 X 


da 


7838 X 
1443 X 
1635 X 
1762 X 
1862 X 
1946 X 
2021 X 


100,000; Pr = 10 


Ds 


1153 


= 500,000; Pr 


dD, 


1.180 
—() 3418 
0.3241 
—(0). 3296 
0.3387 
—0.3481 
0.3569 
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DISCUSSION 
Kwang-tzu Yang® 


The authors are to be complimented for another significant 
contribution to the literature of forced convection inside ducts 
Their continued interest in unsteady heat-transfer problems will 
undoubtedly stimulate future works which would eventually 
enable us to better understand the mechanism of unsteady energy 
transter 

The authors’ solution in utilizing the energy-integral equation 
to their basic problem of step change in tube-wall temperature is 
indeed very interesting. In order to appreciate this, the follow ing 
may be considered: When the assumed form of solution, equation 
(12), is substituted into the energy equation (1), there results a 
differential equation for F,(z*, t*): 


oF, ‘ a 
or” 


where 


»* ( d,, 
ice 
r*®, dr* au 


which are both known functions of r*. To solve for F,(2*, t* 


these functions f,, and f:, must be constants. A natural answer 
is to have these functions assume average values for the variatior 
of r* between zero and r,»+. The authors’ technique, which is 
very adequate, of using the energy-integral equation corresponds 
obviously to employing a weighted mean. Another advantage of 
their solution is that for long times the exact steady solution is 
Nevertheless, equation (44 


automatically obtained points out 
the fact that the authors’ solution is not unique 1n the sense tha 
other mean values for f ind f could also be used to arrive 
solutions to this basic problem 

Furthermore, the accuracy of the authors’ solution can actually 
be significantly improved without carrying out further numerical 
calculations. In view of Fig. 4, the maximum error of about 4 per 
cent as mentioned in the paper apparently occurs in the time ir 
terval when the exact solution of the corresponding pure-diffusion 
This suggests 


similar solution to be based on the exact result of the pure-diff I- 


problem is valid observation immediately 


sion problem as follows: Let 


6 = . DQAr*)G,(2 
hand : 
I 


By following the same procedure of solution of obtaining / 


; 


f , it may be readily shown that 


where 


® Associate Professor, Department of Mechanical Engineering 


University of Notre Dame, Notre Dame, Ind. Assoc. Mem. ASME. 
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It is obvious that evaluation of G, is elementary in view of the 
numerical results already obtained by the authors. Thus the 
complete solution to the basic problem of step change in wall tem- 
peratures is now given by equations (45) and (46) in this discus- 
sion and equations (12) and (20) in the paper. Advantages of this 
composite solution are (1) that the less accurate portion of the 
authors’ result is now replaced by an exact solution, and (2) that 
the time period for which pure diffusion prevails is now well de- 
fined by 0 < t* < b,2* 

The authors have also mentioned that discontinuities in curva- 
ture as shown in Figs. 5, 6, 7, and 8 are due to approximations 
arising from using the energy-integral equation. This, however, 
is not correct, since these discontinuities are inherent in the 
original differential equation in conjunction with the following 
conditions: 

O2+,r+,0) = 1 


’ ; 


G0, r+, t+) =1 


This is in close analogy with the unsteady problem of a semi- 
infinite plate moving in the direction of its own surface from rest 
with a step change in velocity or a constant acceleration. 

From a practical point of view, the application of the quantita- 
tive results obtained by the authors is somewhat limited because 
of the few Reynolds number and Prandtl] number values chosen. 
Extension of these calculations to cover reasonable ranges of Re 
and Pr probably would not be justifiable, even with computers. 
\ possible alternative may lie in the utilization of the usual inte- 
gral procedure, especially in view of its success in the correspond- 
ing laminar-flow cases as dealt with by the same authors recently. 
Because of its relative simplicity, the integral procedure could 
even possibly be used to treat more realistic unsteady problems of 
variable properties, simultaneous hydrodynamic and thermal 
entrance to ducts, or low Prandtl number fluids. 


Authors’ Closure 


The authors wish to extend their thanks to Professor Yang for 
his interest and comments on this problem. 

In connection with the use of the integrated form of the energy 
equation, we feel that this is a logical approach to follow when 
seeking an approximate solution of the problem. However, we 
agree with Professor Yang that there does exist a variety of other 
approximate procedures, 

As has been noted in the paper, the deviations between the com- 
plete temperature solution, equation (20), and the exact solution 
for the period of pure diffusion are quite small. So any attempt 
to refine the solution during this initial period is primarily of 
theoretical interest. The alternate temperature solution em- 
bodied in equations (45) and (46) serves well for the period of pure 
diffusion, but is in error for the steady state. In recognition of 
this, there is proposed in the Discussion a composite solution com- 
posed of equations (45) and (46) for short times, and equation (20) 

But the difficulty which then arises 
is that it is not known at what time the two solutions are to be 


of the paper for long times. 


joined. In any event, from th: practical standpoint, it is un- 


likely that the small improvemen in accuracy for short times, re- 
lative to equation (20), would wa. rant the use of a more complex 
solution. It is mentioned in the Miscussion that the period of 
pure diffusion in the composite solution is O<i*<b,. This is 


probably a misprint and is likely :ntended to read 0<i* <b, 
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With regard to the discontinuities of the curves of Figs. 5 tronic computers, the computation of the steady-state eigen- 
through 8, we continue to feel that they are due tothe formofthe values and related parameters needed in equation (20) proceeds 
solution. On any curve of heat transfer against time for a very rapidly. The authors assume that the statements in the 
fixed x/d, there is a small discontinuity at each t*=a,(z/d) last paragraph of the Discussion regarding the “‘usual integral 
Most of these breaks are not clearly visible in the figures because procedure’’ refer to a boundary-layer-type computation for an 
they are of such small extent entrance region, This type of approach is limited to the initial 

Although only a limited number of Reynolds-Prandtl combina- portion of the tube before the boundary layers meet and fill the 
tions have been considered in the paper, the extension to other cross section. The present method is, in fact, an integral proce- 
operating conditions is straightforward. With modern elec- dure which applies over the entire length of the tube. 
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Improved Lumped Parameter Method for 
u.c.etroo,sr. @ Transient Heat Conduction Calculations 


Technical Adviser, Nuclear 


Development Corporation; ; , F : “s — 
SecGen Mechenteal eee A general mathematical method is presented suitable for the “‘lumping’’ of many 


Department, Columbia University, damped linear systems when the response function and the forcing function can be 
New York, N.Y. Assoc. Mem. ASME related by a convolution integral. The method is illustrated by application to transient 
heat conduction in slabs and cylindrical rods. An ordinary differential equation 

(equation 26) relating the mean temperature of these bodies to their surface temperature 

is derived, and then applied to the solution of several problems. Agreement with exact 

results is found to be excellent except for very rapid transients. Means for estimating 


error are pro tded tn the paper 


Introduction transient heat-conduction analyses, often with some misgivings 
concerning the accuracy attainable with the approximations 
Wass system analysis becoming increasingly im adopted. 

portant in today’s engineering applications, the need for simpli In this paper the mathematical basis of the new “lumping’’ 
though accurate, mathematical models for subsystems and com procedure is first given, and then the method is used to derive 
ponents has increased. This paper illustrates a method for th simple first-order differential equations for the mean tempera- 
accurate representation of many heat-transfer subsystems, and it ture during thermal transients for flat-slab and cylindrical-rod 
is believed that the method may actually have usefulness ir fuel elements. Formulas for finding the difference between the 
numerous fields other than heat transfer mean and surface temperatures in terms of the mean-temperature 


Development of the method was motivated by the necessit history are also given. These two temperatures are the most 
of performing transient calculations of the temperatures in reac- important for heat-balance and thermal-stress purposes. The 
tor fuel elements. Because of the interaction of the nuclear new relations are shown to yield a high order of accuracy by com- 
ind thermal phenomena, these calculations must often be per paring their results with those of precise analytical theory. 
formed simultaneously with calculations of the entire re 


system. As a consequence, detailed numerical treatment of the Basis of Lumping Method 


vartial differential equations is not feasible, even on modert 2 sas ‘ 1 ; 
; ’ ‘ “t oot , Let an initially “dead’’ linear system be stimulated by some 
‘omputing machinery uclear engineers ave theretore beer ° “ ; = 
as ies . ; . : forcing function, G(t). Let the observed response to this stimu- 
lation be designated at Y(t). Then Y(t) and G(t) are related 


through Duhamel’s formula [1].' Thus: 


forced to adopt various lumped parameter techniq 1es 
Contributed by the Heat Transfer Division of Tue Amer 
Society or MecnanicaL ENGrneers and presented at the ASM! o/ 
AIChE Heat Transfer Conference, Storrs, Conn., August 9-12, 1959 Y(t) G(+0)H(t) 4 I, Hit — u)G'(u)du (1) 
. ' . 


Not! Statements and opinions advanced in papers are to be 
inderstood as indiv ale ress a ir aut 3 am 10t those . ‘ “ ‘ , 
understecd & EVEGRES CupTORIEER os er more and 1 where H(t) is the special form which the response Y(¢) assumes 
of the Society Manuscript received at ASME Headquarters, June F 
29, 1959. Paper No. 59—HT-28. Numbers in brackets designate References at end of paper 





Nomenclature 


subscript for ambient property time 
constant in dominating function defined by equation (56 temperature 
constant in dominating function by equation (58 dummy variable corresponding to time 
specific heat of conducting medium , specified surface temperature 
residual term, defined by equation (20) distance normal to face of slab 
Laplace transform of H(t response function, given by equation (1) 
forcing function constant defined by equation (26 
surface heat transfer coefficient constant defined by equation (26 
response ol system to unit-step forcing function » = ghimeviation feo Bo) — d f H'(u) udu 
function defined by equation (9) . 0 
dummy summation variable ( dummy variable corresponding to u 
thermal conductivity of medium = thermal diffusivity of the medium 
volume of slab or cylindrical rod per unit surface area = special decay constant, defined by equation (8) 
half-thickness of symmetrically heat slab; radius of dimensionless ratio, (L*v)/x 
cylindrical rod exponent in exponential rise of surface temperature 
subscript for mass-mean property dummy variable corresponding to rT 
constant in dominating function defined by equation (56 mass density of conducting medium 
dimensionless ratio, (hL*)/(kl) . : 5 al ° 
: we \ dimensionless time, («t)/L? 
heat generation in energy per unit volume per unit time 
root of equation (34) An overhead bar is used to denote the Laplace transform of a 


subscript for surface; Laplace transform parameter quantity. 
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when the linear system is forced by the unit step function, 
Gt 0,4 <0; Gt) =1,t>0. A simple change of variable 
within the convolution integral, plus one integration by parts, 
yield the following equivalent expression: 


Y(t) G(O)H(O) + f, H'(u)G(t — u)du 
0 


These expressions for Y(t) at the time ¢ involve a knowledge of 
the entire prior history of the forcing function. 

Now in a damped linear system it is reasonable to assume that 
the past-history effects of G(t) tend to fade away, leaving present, 
and recent, values of G(t) to produce the dominant effect on 
Y(t). 


in a Taylor series. 


To capitalize on this supposition, we expand G(t — u) 
Thus: 


Gt — u) Gt) — uG'tt + 


Substitution of this series into equation (2) gives: 


Y(t H(t) Git) — Git } H'(u) udu 
0 


t u? 
+ Gt [ Hu) du-.... 
0 - 


(4) 


However, the damped linear system, when jarred by a unit step 
function, will acquire asymptotically a steady value of response, 


H(« 


tially 


, and the derivative of this response will attenuate exponen- 
Therefore the integrals in equation (4) will converge, 


and asymptotically we can write: 


V(t H Git -—~ Git H'(u udu 
0 


« 


vo a 
u* 


+ Gt H’(u) > 
0 ” 


G'(t fy oH ujudu+... (6) 
0 


the proper linear combination of equations (5) and 


du —. 


‘orrespondingly, we have 
H Git 


By taking 
6) we obtain a first-order differential equation for Y(t) which 
is its inhomogeneous part all the derivatives of G(¢), 


Thus: 


contains 


he second 


\) AH 


\ 


/ 


H " | Hu udut G'(t) + 
+ 0 


2 | ” H'(u)udu 
0 ; 


f ” AY u)utdu 
0 


If we so that it contains only the terms actually 


shown, our choice of A has given us, in one sense, the best pos- 


lip equation 7 
sible first-order differential equation for Y(t) since it is the only 
one of so few terms which is exact for forcing functions which are 
second-degree polynomials in time 

The heuristic derivation of equation (7) just given is supple- 
mented by a more convincing mathematical development in 
Appendix 1. There it is shown that solutions for Y(t) obtained 
through the use of the terms shown in equation (7) will not differ 
the 


from exact solutions obtained from equation (1) by an 


B 


imount exceeding in absolute value the quantity |G’’’| max Xn’ as 
n 


182 / auGust 1960 


t-+ o, In this error term G’’’|,... denotes the maximum abso- 
lute value achieved by the third derivative of G(t) in the time 
period 0 — ¢. The constants B and n are positive numbers 


chosen so that the function Be~*‘ dominates for all ¢ the function 


“ n 
H(t+u)\u- > uw du 
0 2 


The manner of obtaining the constants B and n is demonstrated 
in Appendix 2 for certain types of H’(t). 
When /1(0) = 0, the Laplace transform of equation (2) gives: 


g(t) = 


Y s) = (10) 


f(s) fi : e~"H'(t) dt 
0 


Evidently, when the integrals in equation (5) converge, the fol- 


f H’'(u)judu = 
0 


The required constants in equation (7) are then simply obtained. 

A relation between transforms like that given in equation 
(10) often appears in heat-transfer analyses involving extension 
In these cases, the principal features of 


f(s) Hs) 
where 


(11) 


lowing relations hold: 
2f'(0) | 


A= og 
f"(0) 


(0) = H(@); —f'(0 


(12) 


in space as well as time. 
the extended system are lumped in the several well-chosen 
It should be observed 
The 
response H(t) to unit-step excitation can be found by digital 


constants obtained from equations (12). 
that these constants need not be analytically determined. 


computation or by experiment and the requisite integrals in- 
volving H’(t) evaluated numerically. 


Differential Equations for Flat Slabs and Cylindrical Rods 


Consider a flat slab of infinite extent in the y-z plane, lying in 
The slab materia! has constant thermal 
= 0 is insulated. Att = 0 the tem- 
It is then subjected to 


the region 0 < z < L. 
The face at z 
perature of the slab is uniformly zero 


properties. 


and arbitrary tempera- 
The well-known dif- 


ferential equation for the temperature 7(z, ¢) is: 


uniform volumetric heat generation qt 
ture variation on its surface at z L. 


oT oT q(t) 


A (13 
dl oz? pe 
where « is the thermal diffusivity of the medium, p its density, 


and ¢ its specific heat. The boundary conditions are: 


oT 
$2<L (0, t 0: 
Or 


T(z. 0 0: O T(L. t Tl 


(14 


The differential equation for the Laplace transform of the tem- 
perature 7(z, 8) is: 


d*] 


qi 8 
dx? 


pcK 


Its appropriate solution is: 


( 
cor \ 
K 


cosh { Z ‘ s 
K 
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This last equation is in the same form as equation (10) if we take 
r= ' qu) & 
Y(t) T(x, t) - du (17 
o 
du 


Accordingly, we might apply the approximation method to find 
a differential equation for T(z, ¢). 


Instead, we shall find such 
The transform of 
this mean temperature 7’,,(¢) is given by the following equation: 


P 1 tanh (1 y +) 


I ls 
+ 


a relation for the mean slab temperature. 
Sp 
' pes f 


where 


tanh ( \ 
L \ . 


f(s) 


+ f'(O)s + f*(0) 


The differential equation for Y,,(¢) can now be obtained from 
equations (7) and (12) using the values given for the derivatives 


of f(s) and the value of A. Thus 
in| 


(t t ou) 
~-M yl rw - [ y 
pe Jo pe | 
* o(u) gt 
= | TYt) - f — du} + (1+Af‘(0O)) | 7, -— - 
Jo Pe pe 


(24 


T(t) 


5 a(t) 
- T(t) + — & 
6 pe 


This last differential equation can also be considered to apply to 
the case of symmetrical heating or cooling of a flat slab of thick- 
ness 21. 

An analysis very similar to that just given can be performed 
for the infinite solid cylinder. The resulting differential equa- 
tions for the mean temperature in both slabs and cylinders can 
be written in the single form: 


(r)L* 
+(1- g)* ; 26 


T,,.'(7T) + aT,{7) aT (rt) + BT,'(r) 


where L now denotes the distance from center to surface, and 


xt ‘ 
t= The constants a and B are as follows: 


Lt" 
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Symmetrically heated 
slab 
Cylindrical rod 


Equation (26) can be coupled with other differential equations 
involving 7',, and 7,. It is anticipated that this will be its princi- 
pal use. Here let us censider its combination with the equation 
for Newtonian cooling through a heat-transfer coefficient. In 
order that the analysis may apply equally well to both slab and 
cylinder, let us take | as the volume of solid per unit of exposed 


surface area. Then 


pel T(t) = h( - ft (27) 


where 7’, is the ambient temperature. Elimination of 7, be- 


tween equations (26) and (27) gives: 


B ryt (14-2) rate) + ate 
(tT) - )+a T) 
N owt N a? 


(r)L? 
4+ (] on g)* 


= aT, + BT,'(r) (28) 


hL? 
kl 


Mw“ here N 


Comparisons of Approximate and Exact Mean Temperatures 

As a first empirical test of the accuracy of equation (26), let 
us take the simple case of a flat slab or a solid rod initially at a 
uniform temperature V. At time zero let the surface tempera- 
ture be suddenly reduced to zero and maintained there. No 
internal generation is present. The 
history is desired. 

With g(r) 


heat mean-temperature 


0, the general solution of equation (26) is: 


"il [ constant + | e™ taT(t) + BT,'(é)} 


Now the use of a Taylor series in equation (3) involved the as- 
sumption of a forcing function continuous in time, with a con- 
tinuous first derivative. Hence as the initial value for 7’, in 
equation (29) we take V and not zero. Then we let the deriva- 
tive of T', become strongly negative for a very short time as T, 
drops to zero. During this very short time interval e** = 1. 
As a consequence 


fc farce) + BT,()} dt = —BV (30) 


The final expression for 7’,,(7) is 


T,(0)=V; T,(r) = (1 — B)Ve7*" (31) 
Thus the approximate analysis substitutes an oblique ‘‘corner’’ 
for the rapid transition period preceding the exponential decay. 
For times greater than zero, we get the following approximate 
results: 
Slab: T,, = 0.833 e~ 2-5" Rod: T,,, = 0.75 e~®* (32) 

In Table 1 the results from these formulas are compared with 
the exact analytical results of Groeber (as read from figures in 
ref. [2]). Except for very small x«t/L*, the agreement is ex- 
cellent. 

If the cooling in this problem is accomplished with a finite, 
rather than infinite, heat-transfer coefficient, equation (28) may 
be used, with the result: 
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Table 1 
sudden surface-temperature reduction to zero 
Slab 
A pproxi- 
mate 


tod 
A pproxi- 
mate 


0.706 
0.790 
0.735 0.545 
0.653 0.412 
0.393 0.124 
0.238 0.040 
0.145 


9 
l 


re, given by: 


a ) lag 
N N 


small 7 the first exponential in equation (3: 


cond 


Neglecting the second exponential, we 


3( l :; a ) 
" \28 28N 
(1 a ) tag 
| \ A 
35), the solution given by equation 
vccuracy has been shown to be good 
exact result 


is obtained. For intermediate 


the difference between the exact and approximate 
] 


scarcely perceptible on the standard Gurney-Lurie 


that equation (35) may be said to summarize adequately 
entire exponential decay portion of these charts. 
As a further, rather severe test of equation (26), let us apply 
it to the symmetrical heating of a slab of thickness 2L when the 


irfaee temperature is given by: 
(36 


mn for the temperat at a distance z from the 


is give! 


Asymptoti 


0.0540 vi 


where i 


Apply ing equation (26 


184 


to this case, we get: 
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Approximate and exact mean-temperature ratios, T,,/V, for 


T’,( approx. ) 


— 0.0555 me +. | 
(41 


The agreement between the exact and approximate results 


given by equations (38) and (40), respectively, is very good for 
small yu, as evidenced by the close agreement of the series expan- 
sions in equations (39) and (41). However, for large uw, errors 


of importance can arise. For example, as u— ©: 


T nf! xact l 


J —~ 


T’,,,( approx. ) l 
— , whereas: _ —-— (42 
c: V u 7 6 
Table 2 presents a comparison of exact and approximate tempera- 
ture ratios over the entire range of uw. Throughout the range 
the difference between the exact and approximate values of tem- 
perature ratio is less in absolute value than the error term deriva- 
ble from the results of Appendix 2; viz., 


a B > La 
Error) < ; —_ < Ve(v?\(0.00143 ) 
An K 


< 0.00143 uVe" (43 


Table 2 Approximate and exact mean-temperature ratios, T,,/T,, for 
exponential rise in surface temperature of slab 
Ly T. Vevt 
K T/T, (exact alte (approx 
1.000 1.000 
0.761 0.761 
0.482 0.487 
0.33 0.348 
0.250 0.279 
0.200 0.242 
V i/p 0.167 


Computation of Surface Temperatures From Mean-Tem- 
perature History 


It may very well be that when equation (26) is coupled with 
other simultaneous differential equations, certain temperatures 
of interest are not ‘‘carried’’ in the computer solution. In such 
cases, if the desired unknown Y(t) can be related by equation 

1) to some temperature or function G(t) which has been 
carried in the computer solution, then the expansion of equation 

4) can be used to estimate Y(f). 

In the previous example of Newtonian cooling, a solution for 
the mean temperature was obtained from equation (28) without 
ever finding the surface temperature 7,(/). Suppose now we 
wish to find this quantity from the asymptotic solutions given 
by equation (35 Since equation (26), a specialized form of 

was actually used in the derivation of equation 
we first solve equation (7) for G(t) in terms of Y(t). The 


equation (7 
(28), 


result is readily found to be: 


Y(u) du 
, hH(« 
¥(+0)} yy 
e 


44 
y § (44) 


de +O) — 
{ 


where 


y = H(@)— if H"(u) udu 
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' A\H( @ ) 


¥ 
(44) to obtain the following expression valid for large time, pro- 


I 


> 0, we can successively integrate by parts in equation 


vided the series converges. 


Y(t) l 1 f » 
Git) = 7 -- —j])? Yi 
¥ € x 7 » 7 « ) 


p=0 
15 
Specializing equation (45) for Newtonian cooling of the solid 
rod, we have: 


Kt T At 
H(@) 


with 7’,,(¢) given by equation (35), we obtain: 


(46 


In Table 3 the results of this formula are compared with those 


of precise analysis Again, the agreement is excellent. 


Table 3 Approximate and exact surface-temperature rotios, T,/V, for 
Newtonian cooling of solid rod 


r=2 


AL /k ’./V (exact 
0.154 
0.0334 
0.00367 


T,/V (approx 
0.152 
0.0329 
0.00368 


APPENDIX 1 


The approximating differential equation for Y(t) will here be 


derived. The response function Y(t) is defined to be related to 


the forcing function G(1) as follows: 


Definition 1 


f 
J H(t 
0 


where both H and G 
we make the following assumptions: 
{ > —) Gt is 


- u)G'(uj)du 4+ 


GO) A(t) (47 
are known functions 


Concerning them 


Assumption 1. For 
first 


continuous, with con 


tinuous and second derivatives. Its third derivative is 
sectionally continuous 
Assumption 2. For { > 0, H(t) 


tionally continuous first derivative 


 t H'(u) 
0 


, and 2. 


is continuous, with a sec- 


The integral 
u"du 


exists for n 0, 1 


By differentiation of equation (47) and a change of variable 


in the convolution integral, we obtain: 


\2 


t 
Y(t) = H(0)G'(t) + G(O)H'(t) + Zz H'(t — u)@"(u)du 


Combination of equations (47) and (48) then readily gives: 


Y(t) + AY(t) = H(O)G"(t) + GO)H'(t) + AG(O)A(t) 
t 
+ £ {H'(u) + AH(u)} G'(t — u)du 


where A may be, so far, any arbitrary constant. 
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To permit a compact representation of results, we now intro- 
duce an auxiliary function 9(f). Thus: 


a X 
I(t) = f H(t + u) (. i “) du 
0 - 


with A chosen so that 9(0) = 0. 
can be written as: 


7 r 
g(t) = f Hu) ¥(u “9 -—@ = ot du 
p 2 


Differentiation then gives successively: 


Definition 2 


(50) 


Alternatively, equation (50) 


(51) 


9’(t) > Hd {-1 + Nu = OF de 
t 


$"(t) = H(t) - rf H'(u)du 
t 
= H(t) —i | H(@) _ H(t)} 
H(t) + AH(t) = 9"(t) + AH(@) (55) 


With the use of equation (55), the last integral in equation 
Thus: 


49) can be integrated successively by parts. 


| (H’(u) + AH(u)} Gt — udu 
pa 19"(u) + AH(@)jG"(t — udu 
AH( @ )(G(t) — G(O)) + G0) 94) — G80 
+ G"(0)d(t) + fi G''"(t — u)d(u)du 
Hence: 
Y(t) + AY( 


G'(0)9 Ut 


G(0)[H'(t) + AH(t) — AH(@)) 


+ G"(0)9(t) + AH( @ )G(t) + | H(0) — 91(0)} Ge) 
t 

+ f S(t — u)G'’(uddu (57) 
0 


Y’(t) + AYGt 
+ G(O)d"(t) + G’(0)d'(t) + G"(0)9(1) 


AH( @ )G(t) + {H(O) — 9’(0)} Gt) 


t 
+ f, I(t — u)G’''"(udu (58) 
Assumption 3 


H'(u)| S Ae (59) 


For ¢ > uo we can use inequality (59) in equation (50) to get: 


. A 
g(t) < Ae~™ e~™™ | u + = u? | du 
0 ” 
A A 
< (4 Je (60) 
n? n 


Furthermore, because 9(0) = 0 and 9(t) exists for all ¢ by virtue 
of the properties of H given under assumption 2, there exists a 
constant B, dependent on the properties of H, such that: 

\9(t)| < Be; t>0 (61) 
In a similar manner, using equations (52), (53), and inequality 
(59), we can prove that, for t > uo: 
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\9"(t)| Ss 


X! 
\9"(t)| S A (1 + ' ') e~™ 


n 


(62) 


(63) 


The inequalities (60), (62), and (63), when used in equation (58), 
show how the influence of the initial derivatives of the forcing 
function fades away. 


An upper bound can be established for the convolution integral 
in equation (58). Thus 


t t 
fs = u)G’""(u)dul = fe G''"(t — u)d(u)dul 
' 


t 
< aly f, Be-™du (64) 


B 
9(t — u)G’’"(u)dul < |G’ |\maxz — 1 — e-™) (65) 
n 


0 


We are thus led to considering equation (58) as an approximat- 
ing differential equation, written in the form: 


Y(t) + AY(t) = AH( @~)G(t) 
+ {H(0) — 9(0)}G@(t) + &(t) (66) 


where the residual term &(t) is generally small, and for t > wo 
satisfies the inequality: 


Gg" on. , 
‘) | CO} 5, PO 5 ao) | e-™ 
n? n 


n 


&(t)| <A (1 + 


yess! 
+ G }max 


B ' 
—(1—e-™) (67) 
n 


Consequently, the residual term has an asymptotic value not 


| ver B 
greater than |@’"'| max | — }. 


n 


To evaluate the error in Y(t) incurred through the neglect 
of &(t), we first examine the exact solution of equation (66). 
Thus: 


Y(t) = Y(O)e~™* + e~™ fi e“[AH( @ )G(u) 


t 
+ {H(0) — 9'(0)} G(u)|du + ™ {i e“E(u)du (68) 


Portions of the last integral in equation (68) can be integrated 
by parts to obtain this error term in more convenient form. 


t t 
é « f, e“E(u)du = e mf “| G(0)9"(u) 
+ G’(0)5'(u) + G"(0)9(u)} du 
t u 
4+ ¢-™ f, edu f Iu — ba" Ende du (69) 
= G(0)9'(t) + G’(0)d(t) — AG(O)S(t) 
— e~™G(0)9'(0) + {A*G(0) — AG’(0) 
t 
+ G"(0)}e—™ f, &“G(u)du 
t u 
+ e-™ f, }f, du — §)0""E)dEt OMdu (70) 
Using the inequalities (61), (62), (63), and (65) we can now 
write: 
| ¢ A IX 
en uM OE u)dul < < (: + ') e~-™ 
i : 
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0 
for t> we 


iG’(0 |A| 
| ( )| + “| 
n 


| iaxo + . iao)| |+ e~™|G(0)| |9’(0)| 


t 
+ {d*|G(0)| + A] |@"(0)| + \@"(0)|} x Be~™ pees du 
0 


B t 
+ [alan 2 [omc ~ ed |e (71) 
n 0 


Assumption 4 


2 fr H'(u)udu 
A= nr Sp 
f, A'(u)u*du 


It follows from assumption (50) that the asymptotic inequality 
corresponding to equation (71) is: 


0 


} 
| 


¢ , B 
e~™ Pane < a b= 4 
0 


ve (73) 


In view of the preceding analysis, we can make, then, the 
following statement. Providing assumptions (47) to (50) are ap- 
plicable, the function Y(t) defined by equation (47) can be found 
as a solution of the approximating differential equation 


Y(t) + AY(t) = AH(@)Gt) + [H(O) — 9(0)}G(t) (74) 


with the initial condition: Y(0) = G(0) H(0). 
The approximate Y(t) so-obtained differs from the exact Y(t) 


by an amount not exceeding in absolute value |@’’’| n»x(B/An) as 
t— o, 


APPENDIX 2 


Assumption | 


H(t) = H() — a aje~™"; 
37=0 


OSN<A <A... 
. Ht) = yo a 


7=0 


From equation (50): 


9(t) -{ >> a,Ae~Me~ (u- 
0 j;=0 
‘ y ade™ ( > ‘) 
j= 


Since: 





The summation in the numerator of the last ratio in equation 
(80) exceeds the summation in the denominator by the amount: 


ie w&® Ic (>+)' 
— a= -— a,;| — 
= ie "Xs a £4 *\A; 


Transactions of the ASME 





—~ Xe Xo 


1 
% f=1 i i 


since every term in the last summation is positive. 
“ A>Xe 


Assumption 2 


A<A, (83) 


Using equations (78), (80), and (83), we can write the follow- 


ing inequality: 
1 ve 3 1 ey 
\) e Not a; ( r, _ x :) e Ait 


j=l 


, oN 
\s(e)| < a (> - 


4 {y- a,(+ _ xs e~™t (85 


j=l 
However, from equation (79) we obtain the following equality: 
a —- —)=a - 86 
j= . A; A? ; Ao? No 


Hence we have: 


9 
“ |9(t)| < — (> _ :) er 
0 


The constants of the dominating function of equation (61) are 


then identified as: 


p= 3 (»_1), n = Xo 


The values listed below are readily derived from formulas in 
reference [3] (p. 97, equation (10), for the slab; and p. 199, 
equation (6), for the cylindrical rod). 


B 


(87) 


Symmetrically heated 0 - 
slab 0087 


I 
Cylindrical rod 0.0087 


References 


1 R. V. Churchill, “Modern Operational Mathematics in En 
gineering,’"’ McGraw-Hill Book Company, Inc., New York, N. Y.., 
1944, p. 193. 

2 M. Jakob, “Heat Transfer,”” John Wiley & Sons, Inc., New 
York, N. Y., 1949, pp. 274, 278. 

3 H.S. Carslaw and J. C. Jaeger, ‘Conduction of Heat in Solids,” 
Oxford University Press, London, England, 1959, p. 105. 


DISCUSSION 
John $. Thomsen? 


The author has presented an interesting and useful approach 
for simplifying many complicated heat transfer calculations. 
However, it seems worth while to emphasize certain limitations 
of this technique. 

First, it should be stressed that this method is derived only for 


* Assistant Professor, Department of Mechanical Engineering, 
Johns Hopkins University, Baltimore, Md. 
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the case where the initial temperature is zero throughout the 
solid. In his first example the author successfully applies the dif- 
ferential equation to a slab at constant initial temperature V; 
but this problem may be restated with zero initial temperature by 
a rather trivial change of variable. However, with more compli- 
cated initial conditions (e.g., V cos 34z/2L), the lumped parame- 
ter solution may be in error by an order of magnitude. 

Second, it should be emphasized that the error criterion involv- 
ing |G’’’\max is applicable only to the asymptotic solution, as in- 
dicated in connection with equation (73), Appendix 1. This 
implies that r >>1. In many cases the asymptotic solution is 
known by inspection; for instance, in the first example treated by 
the author, the asymptotic solution is identically zero. In other 
cases, where the asymptotic solution is not so trivial, the chief in- 
terest may lie in the solution for moderate values of r. Hence, 
even when |G’’'|max exists, the error criterion must be applied 
with caution and may be of limited value. 

It is interesting to consider ynder what circumstances the 
lumped parameter method can give a good approximation to the 
transient. The transient portion of the temperature solution for 
a slab of thickness 2L (0 < z < 2L) with temperature prescribed 
at the two faces is of the form’ 

La,e"**"*/* sin (nwx/2L) 
n 
(Note that the origin is at the left, rather than the center.) The 
mean temperature is found by integrating over the entire slab 
and dividing by the thickness 2L, giving 


(88) 


9 


» «Oy 
— 2 
nT 


odd n 


—n*n*t/4 


(89) 


Since the even harmonic terms have vanished and the remaining 
odd amplitudes have been divided by n, the series for the mean 
temperature converges much more rapidly than that for tem- 
perature at a fixed point. Noting the effect of the exponential 
terms, one sees that the first term will usually provide a good ap- 
proximation to the sum for very moderate values of r. 

Now the lumped parameter method gives a first-order ordinary 
differential equation, which permits only a single exponential term 
in the transient solution. Obviously, a single exponential 
cannot represent precisely the infinite sum in equation (89). 
However, a good approximation may be possible when the first 
term in the sum is sufficiently large compared to all the others. 
Clearly, this condition is satisfied much better for mean tempera- 
ture than for temperature at a fixed point. In the case of tem- 
perature at a fixed point, equation (88) shows that the condition 
holds better for points near the center of the slab than for those 
close to one face. 

Numerical examples computed by the writer tend to confirm 
the above considerations. For example, the exact and approxi- 
mate temperature solutions were computed at a point a distance 
L/3 from the face of the slab in the first example considered by 
the author. The error is defined as (T7',,/V )approx (T,,/ 
V )exact- A comparison of temperature error at this fixed point 
and mean temperature error (from Table 1 of the paper) is shown: 


Error in mean 
temperature 
—0.07 
—0.015 
0.013 
0.003 


Error at fixed 
Tr point 
.02 —0.20 
.05 —0.056 
1 0.027 
3 0.026 


It may be noted that the lumped parameter technique can 
easily be extended by treating a number of simple examples and 
* H. 8. Carslaw and J. C. Jaeger, “Conduction of Heat in Solids,” 


Oxford University Press, London, England, second edition, 1958, 
chap. 3. 
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using the principle of superposition, as is done in obtaining exact 
solutions. For example, one can thus show that equation (25) 
applies to a slab with asymmetrical boundary conditions pro- 
vided that 7’, is taken as the mean temperature of the two faces. 
As stated by the author, the lumped parameter method may well 
be useful in fields other than heat transfer. It can be applied 
not only to reduce distributed parameter systems to lumped pa- 
rameter ones, but also to reduce complex cases with lumped 
parameters to much simpler models. 


Author's Closure 


The author appreciates the interest and comments of Professor 
Thomsen, but believes that his interpretations of the method 
presented in the author’s paper are in certain respects incorrect 
and overrestrictive 

As Professor Thomsen states, the differential equations for 
flat slabs and cylindrical rods are, indeed, derived for the case 
of zero initial temperature. This case subsidiarily includes all 
initial distributions which might be attained by various applica- 
tions of surface temperature and uniformly distributed heat 
generation, since the system can always be ‘‘prepared’’ by appli- 
cations of the foreing functions prior to the times of special 
interest for the investigation 


the |G 


| nax 


In the use of such a simple artifice, 
of the error term must cover the behavior of the 
foreing function during the preparation time, as well as during 


the time of special interest. Preparatory temperature distribu- 


tions corresponding to second-degree time behavior of the surface 
temperature can be attained with vanishingly small error 


Despite the generality so simply attained from a solution 


which is apparently restricted, by no means all conceivable cases 


ire included by the generalization. Professor Thomsen has 


cited such an exceptional case Such exceptional eases would 


involve the action of agencies other than the specified forcing 
functions at times close to the times of interest, or perhaps even 
construction of the svstem immediately 


prior to the process 


being investigated. For example, the initial temperature distri- 
»_T=V 


is incompatible with symmetry or insulation at z L. 


bution adduced by Professor Thomsen [i.e cos( 3arx/2L)| 


How 


is such an “‘initial’’ temperature distribution to be brought about? 


Ways can be named, but they often become pathological, rather 


than practical, in character. It is actually the exceptional, 
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rather than the usual case where an engineer starts to analyze a 
system ‘‘on the fly,’’ instead of beginning from some simple, or 
equilibrium condition. 

The second point raised by Professor Thomsen is that ‘‘the 
error criterion involving |G’’'max| is applicable only to the asymp- 
totic solution This quoted statement is definitely incorrect. 
The formula for the error term becomes asymptotically correct 
for large time, but there is no necessity for the solution of the 
problem to be asymptotic as well. For example, equation (26) 
might, during the initial moments of a reactor’s operation, yield 
an error (for the mean fuel temperature) greater than the asymp- 
totic error. However, thereafter the asymptotic error formula 
would apply despite noncyclic or varied operation of the reactor. 
Application of the error formula to the problem stated in equation 
(36), with its attendant asymptotic solution, came about because 
of the author’s need for a simple analytical solution, and not 
because the error formula is inherently limited to such compari- 
sons. Like any error formula, it does, of course, overestimate 
the actual error once time enough has elapsed for it to be applica- 
ble 

The third point raised by Professor Thomsen concerns the 
accuracy of the lumping method for prediction of local tempera- 
tures as contrasted with mean temperatures. He shows that in 
the slab problem treated by the author the temperature at a 
position one third of the way from the exposed to the insulated 
face is predicted with less accuracy than is the mean slab tem- 
perature. The author is inclined to agree with Professor Thom- 
sen that this feature may often be present. But it would cer- 
In the course of de- 
veloping this portion of the discussion, Professor Thomsen states 
that 


tainly be possible to cite counterexamples 


‘the lumped parameter method gives a first order ordinary 
differentjal, equation, which permits only 
term in the 


a single exponential 


transient solution.’’ Presumably, this statement 
is intended to apply only to the special example under discussion, 
since an inhomogeneous first order differential equation with 
constant coefficients for its homogeneous part need not possess 
such character in general. 

Professor Thomsen’s mention of additional uses of the lumping 
method is appreciated. It is the author’s belief that the basic 
lumping technique has utility well beyond the special heat-con- 


duction examples contained in the paper. 
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Introduction 


I REASING emphasis is being placed on the op- 
timization of evaporators. Airborne refrigerant evaporators in 
particular have placed a premium on minimum size and weight 
An improved knowledge of the local evaporating heat transfer 
and pressure drop is therefore mandatory before true optimiza- 
tion can be accomplished. 

The correlations of heat transfer for evaporating refrigerants of 
widest established scope seem to be the two developed by Pierré 
[1]. These correlations apply to several different refrigerants 
namely, Refrigerant-11, 12, and 22 and to CH;,Cl, and are sum- 
marized in references {1| and {2}. They appear rexssonably con- 
sistent with all the test results published by other authors, ref- 
erences {3}, [4], [5], and [6], for the rather wide range of variables 
considered by Pierre 


! Numbers in brackets designate References at end of paper 


Contributed by the Heat Transfer Division and presented at the 


Annual Meeting, Atlantic City, N. J., November 29-December 4 
1959, of Tue American Society or MecHanicat ENGINEERS 

Manuscript received at ASME Headquarters, September 28, 1959 
Paper No. 50—A-278 


Nomenclature 


Local and Average Heat Transfer 
and Pressure Drop for Refrigerants 
Evaporating in Horizontal Tubes 


A test facility is described that has been constructed to investigate local heat transfer and 
pressure drop for evaporating or condensing refrigerants. 
B. Pierre {1|' for correlating the average heat-transfer coefficients of refrigerants evaporat- 
ing in horizontal tubes is presented in conjunction with the data of several authors 
Data on local heat-transfer coefficients and pressure drop are presented for 
Refrigerant-22 evaporating in two 4-ft-long, 0.343-in-ID straight horizontal tubes, and 
are correlated by a refinement of the curve proposed in (1). 


The empirical method of 


The procedure of Mar- 


tinelli-Nelson (9) correlated the data for local pressure drop within 15 per cent. 


The major objection to Pierre’s correlations is that they con- 
sider only the average, not the local, heat-transfer coefficient and 
that the outlet conditions are either at 11 deg F superheat or well 
below 90 per cent vapor quality. The nature of any dependence 
of the heat transfer on local quality is therefore not considered in 
Pierre’s work. 

For pressure drop, no general correlation empirically confirmed 
for conventional refrigerants seems to be available. 

To determine the local heat transfer and pressure drop for 
evaporating (or condensing) refrigerants, an experimental facility 
was designed and constructed at the General Engineering Labora- 
tory of the General Electric Company. This equipment is briefly 
described and preliminary data on the local heat transfer and 
pressure drop for Refrigerant-22 evaporating in a 0.343-in-ID, 4- 
ft-long horizontal tube are presented. The data of Pierre are also 
given in this paper since the available published form of his re- 
sults are to be found only in Swedish periodicals. 

The Martinelli-Nelson method of calculating two-phase pres- 
sure drop inside pipes was extended for use with Refrigerant-22 
ind was then employed to correlate the pressure-drop data in this 
investigation. 

The Refrigerant-22 flow rate was varied from 38 lb per hr to 





specific heat at constant pres- = tube length, ft 


Journal 


sure, Btu/lb deg F 
inside tube diameter, ft 
conversion factor = 4.18 xX 
lb mass ft 
108, = 
lb foree hr? 
mass Velocity, lb/hr sq ft 
local heat-transfer coefficient, 
Btu/hr sq ft deg F 
average heat-transfer coeffi- 
cient, Btu/hbr sq ft deg F 
mechanical equivalent of heat 
778.26 ft-lb/Btu 
thermal conductivity, Rt: /hr 
ft deg F 


load factor = , dimen- 


sionless 


of Heat Transfer 


Nusselt number = AD/k, di- 
mensionless 

Prandt] number = cy/k, di- 
mensionless 

teynolds number = GD/y, 
dimensionless 

pressure drop due to friction 
assuming all of the Re- 
frigerant-22 flow is in the 
liquid phase 

pressure drop due to friction 
during two-phase (annular) 
flow at the same total flow 
rate as AP, 

multiplier as defined in Fig. 9, 
cu ft per lb 

temperature, deg F 

inlet-vapor quality to test 


Az 


r 


Me 
p 


Subscripts 


section (per cent/100 unless 
otherwise specified ) 

arithmetic mean vapor qual- 
ity in test section (per cent 
100 unless otherwise speci- 
fied ) 

outlet-vapor quality from test 
section (per cent/100 unless 
otherwise specified ) 

vapor quality change (per 
cent/100 unless otherwise 
specified ) 

latent heat of vaporization 
(Btu/Ib) 

dynamic viscosity, lb/hr ft 

density, pef 


L = pertaining to liquid phase 
V = pertaining to vapor phase 
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300 Ib per hr at saturation temperatures of 75 and 40 F. Inlet 
conditions to the test section were varied from 20 to 99 per cent 
by weight of vapor and outlet conditions ranged from 40 per 
cent by weight of vapor to 25 deg F superheat. 


Apparatus and Test Procedure 


The basic schematic of the associated apparatus is 
The system consists of three circuits, a re- 
frigerant circuit, a refrigerant condenser coolant (water-alcohol 
The 
refrigerant is pumped through its circuit by a liquid-refrigerant, 
A float-type flow meter, whose float is mag- 
netically coupled to the indicating scale, measures the liquid flow 
Heater (A) is a 14-kw, 15,000-Btu/hr per sq {ft heating sur- 
face boiler designed to raise the refrigerant to a maximum vapor 
Heater (B) is a 1-kw superheater and the 
refrigerant condenser is 4 concentric double-tube counterflow unit. 


Apparatus. 
shown in Fig. 1. 


solution) circuit, and a test section heating (water) circuit. 
canned-rotor pump. 
rate 
quality of 90 per cent. 
The pressurizer is supplied with a heater to provide the desired 
The sealed refrigerant 
circuit maintained the Refrigerant-22 (CHCIF,, Allied Chemi- 


cal and Dye Corporation) at an oil content that changed from 
0.007 to 0.019 per cent by weight in a four-month period and an 


saturation temperature in the test section 


air content that changed from 0.18 to 0.23 mole per cent in the 
same time interval. 

When the liquid refrigerant already contains enough air to 
provide a saturated solution, the data of reference [1] indicate 
that addition of more air has a negligible effect. Furthermore, oil 
content in amounts less than 10 per cent by volume appears to 
have a negligible effect on heat transfer judging from Pierre’s 
results [2]. Since these conclusions only apply to the medium 
and low-vapor-quality region, however, their effect not being 
investigated at higher qualities by reference [1] or [2], both the 
air and oil content were kept low and constant in this investiga- 
tion to eliminate any effect that they may have on the transfer of 
heat. 

The refrigerant condenser coolant is also pumped through a 
closed loop as shown in Fig. 1 so that a constant coolant-inlet 
temperature and temperature difference is maintained across the 
condenser. The latter is achieved by using a false (heating) load 
and bypass in the chiller circuit so that ‘‘on-off’’ type opera- 
tion is avoided. A precision flow meter and Beckman differ- 
ential thermometers (see Test Section) are employed to obtain 
an accurate measure of the heat removed from the refrigerant. 
The closed-loop comprising the test section heating circuit uses 
an electrical heater and measured heat rejection to a drain to 
give a constant coolant-inlet temperature to the test section. This 
naturally implies that the minimum heat addition to the test sec- 
tion is limited by the heat gain of the water from the pump 
and the environment. With the exception of the bronze water 
pumps, the only construction materials employed in the system 
were copper, stainless steel, and plastic foam insulation. 

Test Section. The test section, shown schematically in Fig. 1, 
consisted of two 4-ft long sections of 0.343-in-ID straight, smooth 
copper tubing connected by a 4'/;-in-radius U-bend, through 
which the refrigerant was circulated. The two 4-ft-long sections 
are enclosed by two 0.666-in-ID copper tubes to provide an an- 
The height 
of this annulus was kept large enough to yield a reasonable pres- 
sure drop when sufficient water is circulated to restrict the water- 
temperature drop to 1 deg F and 3.5 deg F at heat-flux values of 
2000 Btu/hr sq ft and 20,000 Btu/hr sq ft, respectively. These 
bulk water temperature changes were necessitated by the require- 
ment that the local heat-flux variation, outside of the entrance 
region, be no more than +10 per cent from the average heat 
flux for the total 4-ft length. The maximum height of the annulus 
was limited by the requirement that the length to equivalent 
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diameter had to be greater than 150 to minimize the entrance 
effects. 

To admit the heating medium to the annulus uniformly around 
the circumference of the inner tube, rectangular holes were cut 
in the outer jacket which, in turn, was surrounded at each end 
by a 25/,-in-OD inlet chamber, Fig. 2. When the effective total 
inlet-hole area was 1.2 times the annulus area, the velocity 
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Fig. 2 Schematic of test-section inlet 


Transactions of the ASME 





through the inlet parts was about 12 times greater than the dis- 
tribution velocity in the inlet chamber around the outside of the 
jacket. 

The absolute and differential temperatures of the heating 
medium were measured across each 4-ft section. While cali- 
brated immersion thermocouples were suitable for the measure- 
ment of the absolute temperature, Beckman differential ther- 
mometers were used to measure the water-temperature change 
to +0.01 deg F. Although these units may be obtained with a 
Bureau of Standards corrections to 0.002 deg F, the maximum 
calculated conduction error in the well assembly shown in Fig. 2 
was 0.006 deg F. This rather low error was obtained by immers- 
ing 10 in. of thermometer length in an oil-filled well with about a 
1/\,-in. radial clearance and by inserting this well in an insulated 
pipe with a '/,-in. radial clearance through which the circulat- 
ing water passed at high velocity. The well was attached to the 
enclosing pipe through a lucite section which served as a thermal 
insulator. An error of as much as 0.1 deg F would have resulted 
if the Beckman thermometers had been directly exposed to the 
water due to the compression of the mercury bulb by the pressure 
differential between the inlet and outlet. 

Each of the two 4-ft sections was separately and identically 
instrumented to yield basic data on the evaporating refrigerant. 
Six 0.019-in-OD concentric sheathed copper-constantan thermo- 
couples were imbedded in grooves cut into the inner tube of each 
section and subsequently filled with soft solder. Two thermo- 
couples were placed 180 deg apart on the tube, 6 in. in from each 
end of the 4-ft section, to avoid the thermal entrance region, and 
two were placed in the center of the 4-ft section. Each thermo- 
couple was imbedded for a length of 4 in. in the tube to avoid the 
local turbulence created by plastic supports which led the thermo- 
couples out of the test section through the outer tube, Fig. 2. 
Calculations indicated that, when about 0.010-in. of insulating 
cement was placed over the thermocouple bead, the difference 
between the read temperature and the actual inside wall tempera- 
ture next to the refrigerant is about 0.1 deg F when the refrigerant 
film temperature difference is 10.0 deg F. 

To limit the instrumental error to a minimum, the differential 
temperature between the refrigerant and the tube wall was 
measured directly using a differential thermocouple circuit be- 
tween the refrigerant inlet and discharge temperatures and the 
tube-wall temperatures. The inlet and discharge thermocouples 
were inserted in 9-in-long, */).-in-OD stainless-steel wells (maxi- 
mum conduction error 0.01 deg F) which were placed axially into 
1!/,-in-ID, 11-in-long mixing chambers attached to the inner tube 
outside of the water-jacketed test section. All thermocouples 
on the test section, as well as those used to obtain a heat balance, 
were initially calibrated and were read with a precision po- 
tentiometer, and light-beam galvanometer to an accuracy of +0.1 
deg F. 

Test-section pressure drop was recorded with a differential pres- 
sure transmitter which was operated at a point where its accuracy 
was about +3 per cent of the reading. A pneumatic diaphragm- 
type transmitter was used to prevent diffusion of air into the 
refrigerant 

Test Procedure. After steady-state conditions were attained in 
the system, all measurements were obtained every 20 min over a 
minimum 2-hr period. The heat flux to the refrigerant was ob- 
tained from the water flow and temperature change. 

There are two Beckman thermometer wells at the water inlet 
of each side of the test section and one well at the discharge side. 
Two thermometers were inserted at the inlet until equilibrium 
was obtained, at which point one of the thermometers was trans- 
ferred to the discharge side while the first unit provided the ref- 
erence temperature. 

When the water-temperature drop varied by no more than +3 
per cent for a 1-hr period, equilibrium was assumed. The local 
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heat-transfer coefficient was then determined by dividing the 
heat flux by the measured refrigerant-to-wall temperature dif- 
ference. This temperature difference did not vary by more than 
12 per cent of its value at the test-section inlet along the length 
of each 4-ft section. Inlet-vapor quality was calculated from the 
measured inlet-liquid enthalpy to heater (A) and the electrical 
heat input to the heaters. The average vapor-quality change in 
each of the 4-ft sections was about 15 per cent (Table 1). 

To achieve a heat balance, the discharge enthalpy from the test 
section, as determined by the measured net heat input from the 
heaters (A) and (B) and the test-section coolant, was compared 
to the test-section discharge enthalpy as determined by the 
measured heat removal in the refrigerant condenser. The meas- 
ured liquid enthalpies at the entrance to heater (A) and the exit 
of the refrigerant condenser were used as the base points in the 
computation of the heat balance. After correcting for the cali- 
brated heat loss to the environment, the mean calculated heat 
balance was +5 per cent. In a series of four identical runs per- 
formed over a 4-month interval, the repeatability of the heat- 
transfer coefficient was well within +10 per cent of the experi- 
mental correlation. 


Results 


Correlations of B. Pierre. In references [1] and [2] B. Pierre of 
the Royal Institute of Technology (Stockholm) describes his 
investigation of boiling heat transfer with Refrigerant-12 and 22, 
in horizontal test sections. These sections consisted of tubes 12 
mm and 18 mm diam and from 4.08 m to 9.5 m long. 

The most significant empirical correlations deduced by Pierre 
were two dimensionless relations, one for outlet-vapor qualities 
well below 90 per cent, and one for complete evaporation where 
the outlet condition was 11 deg F superheat. The results of 
Pierre, as well as the ranges of saturation temperature and 
quality change, are reproduced in Figs. 3 and 4 for incomplete 
and complete evaporation, respectively. 

The correlation for incomplete evaporation is: 


havgD/k, = 0.0009[(GD/p,)%J Axd/L)]°-* (1) 


10° < N*,.K, < 0.7 X 10" 
and for complete evaporation 


haveD/ky, = 0.0082[(GD/p,)%JArd/L))®-* 


10° < N%,.K, < 0.7 X 10" 


It is emphasized that the large quality change in the experi- 
ments of B. Pierre implies that the heat-transfer coefficients in (1) 
and (2) are average values over the quality changes given in 
Figs. 3 and 4. Data of other authors, references [3], [4], [5], 
and [6], for incomplete evaporation of Refrigerants-11, 12, and 
CH, Cl have been plotted using Relation (1) and are shown in Fig. 5. 
Correlation equivalent to that with the data of Pierre is achieved. 
Again the data of these authors are average rather than local. 

Without boiling, the heat-transfer coefficient for turbulent 
forced convection is proportional to Nx,.°-* and independent of 
the wall-to-refrigerant AT. In the region of strong nucleate boil- 
ing the heat-transfer coefficient is proportional to A7*, where n 
varies from 2 to 3 and is a much weaker function of mass-flow 
rate. In discussing the data of Dengler, McAdams [8] states 
that... . “the local heat-transfer coefficient (for water vaporized 
in a l-in. vertical tube under forced flow) was controlled by the 
combined influence of boiling and forced convection. At low 
flow rates and weight fractions of vapor the coefficient increased 
with increase in AT’ At high mass-flow rates the coefficient 
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Fig.4 Data of B. Pierre for evaporation of F-12 to an exit condition of 11 deg F superheat 
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Fig. 5 Degree of correlation obtained with empirical relation (1) of B. Pierre 
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” 


became independent of A7’.... 
and (2 


Inspection of Relations (1) 
and the proportionality hA 7’ « Az indicate that h is 
proportional to Nx.( AT’) for incomplete evaporation and Np,°* 
(AT p-* for complete evaporation. The low value of the ex- 
ponent of AT’ and its decreasing value at high vapor qualities 
point out the somewhat suppressed “turbulence’”’ effect due to 
nucleate boiling as well as the decreasing effect due to boiling at 
high vapor qualities (where the thin liquid layer begins to “dry 
up). 


Results of Present Investigation 


The 
first test run performed on the equipment was entirely in the sub- 
cooled region. This provided a brief check on the validity of the 
data taken. On the refrigerant side, the experimental forced- 
convection coefficient is within 11 per cent of the value deter- 
mined by Relation (3), 


(a) Heat Transfer—Tube Wall Below Saturation Temperature. 


Nwu = 0.027(NRe)*(N pr)’ /*(py/ py (3) 


the familiar correlation of Sieder and Tate. When the (L/D) 
ratio of the tube is taken into account, the deviation from the ex- 
pression of Hausen [7] given by Relation (4) is only 7 per cent: 


Nyu = 0.116[(NRe)/* — 125] Np,'/* 


: (4) 
~(1 + (D/L) 7"\(uy/u,P-™* 


On the water side the experiment coefficient was within (—8 
per cent) of the values determined by Relation (3). The hy- 
draulic diameter of the annulus was used in (3) for all subsequent 
data points and the resulting degree of correlation on the water 
side is shown in Table 1. A heat balance of 2.5 per cent was ob- 
tained in the first run, all subsequent heat-balance values are also 
given in Table 1. 

The 
test results of this investigation for exit test-section vapor quali- 
ties below 80 per cent are correlated by Pierre’s Relation (1) for 
outlet qualities well below 90 per cent (Fig. 6). 
Ne.ZK, « 
given by Relation (1), although they are well within the range of 
At values of Np.*K, > 
10'? the data from Table 1 fall more than 15 per cent below 
the values given by Relation (1). Since the data of Pierre, Fig. 3, 
also tend to fall below Relation (1) at Na.*K, > 0.5 K 10", and 
since no data are given by Pierre above Na.*K, = 0.7 K 10", the 
best correlation of the data given in Table 1 for exit-vapor quali- 


(b) Heat Transfer—Tube Wall Above Saturation Temperature. 


For values of 
0.6 X 10*!, these data fall somewhat above the values 


data of other authors, as shown in Fig. 6 
0.6 & 


ties less than 80 per cent was taken to be: 


CURVE A-EQUATION [5) 


2.5 X 10” < NatK, < 1.5 X 10" 


hD/k, = 0.0225(GD/p,)'/4J Axd/L)*/* (5) 


The pertinent refrigerant properties employed in this investiga- 
tion are given in Table 2. 

Two test runs (6B and 8B in Table 1) were made with inlet 
qualities 90 per cent or greater. The results of these runs agreed 
with the conventional forced convection relation for a dry gas (6) 
within 5 per cent and 19 per cent, respectively. 


hD/ky = 0.021(GD/py P-*(c,u/k)y®-* (6) 

Six data points ranging in average vapor quality from 69 to 90 
per cent were not correlated by either Relation (2) or (5). It is 
expected that the heat-transfer coefficient for vapor qualities 
above 68 per cent will behave much like that shown in Fig. 14- 
26, page 398 of reference [8], that is, a nonlinear decrease in h 
with increasing vapor quality down to the dry-gas value at 100 
per cent vapor quality. Insufficient data have been taken so far 
in this region to warrant any recommended correlation for this 
investigation. 

The dashed lines in Fig. 7 give the data of Pierre also shown in 
Fig. 4. The plotted values in Fig. 7 were values calculated by 
integration from the results of this investigation; i.e., Relation 
(5) and the best approximation from the data of run Nos. 2, 3B, 
4, 6, 8, and 37B in Table 1. Although the agreement between 
our local and Pierre’s average results is within 10 per cent, a 
practical correlation of local data above 68 per cent vapor quality 
must await additional data. 

The pressure drop from the inlet to the dis- 
charge of the test section was measured for each run, Table 1. 
This measured pressure drop consists of the sum of the friction 
drop and the pressure drop due to the momentum change of the 
accelerating vapor since the gravity effect is absent in a horizontal 


(c) Pressure Drop. 


Table 2 Liquid Refrigerant-22 properties 
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Fig.6 Correlation of data from Table | for exit-vapor qualities below 80 per cent 
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tube. Martinelli-Nelson [9], in their method of predicting pres- 
sure drop during forced-circulation boiling, use the annular-flow 
model in a tube where the measured pressure drop is taken as the 
sum of the friction and momentum losses. 

The method of reference [9] was used to calculate the pressure 
drop in the test section since it correlated extensive data, in the 
case of isothermal two-phase pressure drop for liquids whose 
Prandtl number range include that of Refrigerant-22, within +30 
per cent [9]. Figs. 8 and 9 were prepared using reference [9] 
for Refrigerant-22 to permit the evaluation of the friction pres- 
sure drop (APypy) from the pressure drop when only liquid fills 
the tube at the same mass velocity (AP») and to allow the de- 
termination of the pressure drop due to the increase in vapor 
momentum. The standard method for calculating single-phase 
pressure drop in smooth tubes was used to obtain APs. The pres- 


sure drop due to the acceleration of the vapor was computed using 
the relationship AP = (r2)(G*/go), Fig. 9. 

When the inlet-vapor quality to the test section was other than 
zero per cent the pressure drop in the test section was calculated 
by subtracting the pressure drop between zero per cent and the 
inlet-vapor quality from the pressure drop between zero per cent 
and the outlet-vapor quality using Figs. 8 and 9. Since uniform 
heat removal was assumed in this method, the test-section heat 
flux was employed to determine the “imaginary’’ tube length be- 
tween zero per cent and test-section, inlet-vapor quality. The 
small quality change actually encountered in the test section 
made this assumption a fairly reasonable one. The pressure drop 
in the return bend was evaluated using the data of reference [10] 
for single-phase fluids in conjunction with the actual specific vol- 
ume of the two-phase mixture existing in the return bend. 


NOTE POINTS PLOTTED BELOW ARE CALCULATED FROM LOCAL 
COEFFICIENTS FOUND EXPERIMENTALLY (DATA OF TABLE |) 


INLET VAPOR OUTLET SUPER REFRIGERANT- 
22 FLOW RATE 
LBS/HR 


QUALITY 
SYMBOL XIN 
015 
050 
075 
0.30 
075 


HEAT 
a 
i 134 
i! 197 
iT 297 
ii 134 
iL 197 


DIA 0343" ID, SAT TEMP-40°F 
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Fig. 7 Comparison of average heat transfer calculated from local date in 
Table 1 with average data of reference (2) 
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Fig.8 Ratio of APrpy to AP, as a function of exit-vapor quality and pres- 


sure for zero per cent inlet quality. (Derived from reference [9] .) 
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Fig. 9 Multiplier (r.) versus piessure and exit-vapor quality for zero per 


cent inlet quality. Pressure drop due to acceleration of fluid during 
evaporetion equals (r2) (G*/g.). (Derived from reference [9).) 
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As shown in Table 1, of the pressure drop determined for eleven 
runs, representative of the entire range of conditions investigated, 
five runs correlated within +5 per cent — 10 per cent and nines 
runs correlated within +5 per cent —20 per cent of the pressure 
drop as calculated by the method of reference [9]. 


Summary 


Heat Transfer—Evaporation at Exit-Vapor Quantities Below 90 Per Cent. 

1 Relation (1) of B 1], for exit-vapor qualities well 
below 90 per cent, correlates his average heat-transfer data for 
Refrigerants-12 and 22, Fig. 3, within +10 and —20 per cent 
Average evaporating heat-transfer coefficients determined by 
several investigators [3], [4], [5], and [6], for the refrigerants 
listed in Fig. 5 are correlated with +35 and 
empirical Relation (1 


Pierre | 


20 per cent by the 
of Pierre 

2 The data in Table 1, on local heat transfer for Refrigerant- 
22 evaporating in a horizontal tube, fall within the correlation 
range of Relation (1 
1} to 


as determined by the data from references 
6|, Fig. 6, for values of Np.2*K, < 0.6 K 10". Between 
10'? << Npe.2Kh, < 1.5 & 10", the data in Table | 
are correlated by Relation (5) when the exit-vapor quality is less 
than 80 per cent 


values of 0.6 X 


Heat Transfer—Evaporation at Exit Conditions up to 11 deg F Superheat 

1 The recommended correlation of B. Pierre [2] for average 
heat-transfer coefficients for Refrigerants-12 and 22 evaporating 
in tubes with exit superheat of about 11 deg F is given by Relation 
2 Fig. 4 indicates, however, that the data of [2] are no longer 
correlated by Relation (2) when inlet-vapor qualities exceed 50 
per cent. 

2 The local data of this investigation were used to calculate 
the average heat-transfer coefficient for the cases covered by she 


data of Pierre in Fig. 4. The resulting agreement, Fig. 7, is 


within 10 per cent 

3 Insufficient local heat-transfer data so far have been taken 
by the investigators at local vapor qualities exceeding 75 per cent 
to allow a recommended correlation for this region. 


Pressure Drop 


Righty per cent of the data on local pressure drop correlate 


within +5 and 


20 per cent of the pressure drop as calculated by 
the method of Martinelli-Nelson [9] applied to Refrigerant-22 
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DISCUSSION 
S. W. Anderson’ 


The authors are to be commended for a well-presented paper 
on a subject of particular importance in determining the per- 
formance and design of direct expansion type evaporators. 

Based on some experimental results we have obtained with a 
prime tube operating within the region of incomplete evaporation, 
the local heat-transfer coefficient h is a complex function of both 
local vapor quality z and the total refrigerant mass velocity G. 
These effects are shown in Fig. 10 where the vapor fraction in- 
crease across the evaporator tube was held approximately con- 
stant at Ar = 0.2 in all cases. The curves shown for constant 
values of G were each determined by arbitrarily varying the out- 
let vapor fraction zou: from approximately 0.4 to 1.0. 

From inspection of Fig. 10 it will be noted that, for zou. below 
approximately 0.8 to 0.9, there is little effect of zou: on the local 
heat-transfer coefficient A at the lower fixed values of G. How- 
ever, at the higher fixed values of G, an increase in z... results in a 
very substantial increase inh. For example, at G = 225,000, the 
local coefficient h increases approximately 45 per cent when Zou: 
increases from 0.4 to approximately 0.9. These effects are 
probably due to a transition from pool boiling to forced convec- 
tion type heat transfer with increasing load as discussed in the 
authors’ text. 

The same genera! effects, as shown in Fig. 10, are also indicated 
in Fig. 4 from Paper No. 2-46, “On Heat Transfer and Flow 
Pattern for Freon-12 Evaporating in Horizontal Tubes,”’ by P. 
Worsge-Schmidt, which was presented at the International Con- 
gress of Refrigeration, 1959, Copenhagen, Denmark. 

The (Nr.)* K,) parameter, used in the Pierre correlation, con- 
tains only the single vapor quality term Az and at a given value 
of G is independent of any change in the outlet vapor fraction 
out. For results such as shown in Fig. 10, in the region where 
Zour < 0.8 to 0.9, data at the lower values of G could be corre- 
lated by the Pierre method since the local coefficient A is rela- 
tively independent of the outlet vapor fraction Zour. However, 
at the higher fixed values of G, the local coefficient h increases with 
increase in Zour, and under these conditions the data would not 
correlate by the Pierre method. 

For these reasons it appears that use of the empirical relation 
of Pierre in correlating local heat-transfer coefficients is subject. to 
rather severe limitations unless supplemented by use of additional 
parameters. 

Using nomenclature of the paper, a general form for the Pierre 
correlations as given in Equations (1) and (2) of the text is 


Nwaz = al(Nne)4K,) 
w here: 
a const 
By use of the proportionality, hATaAz, as listed by the authors, 


Equation (7) may be transformed and rearranged into the dimen- 
sional relationship 


h = B(GAT| 


where 


2 Senior Research Engineer, Carrier Corporation, Syracuse, N. Y. 
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heat-transfer surface area, ft? 
tube cross-sectional area, ft? 


For a particular model, refrigerant and refrigerant temperature 
B is constant, and under these conditions from (8) 


ha|GAT\" 8) 


Using the experimental data for the model whose performance 
is shown in Fig. 10, plots of h versus GAT’ were made for various 
values of zou: with Az = 0.2 to determine the approximate values 


of min each case. Results are tabulated below. 


Tout Ar n 
0.4 0 0.5 
0.6 0 0.55 


0.8 0 0.6 
1.0 0. 0.6 


th bobo tS 


From these results it appears that if the performance of a 
complete evaporator were accurately evaluated from a summation 
of individual sections, each with say Ar = 0.2, a set of curves, 
including an additional parameter, would be necessary for cor- 
relations such as shown in Fig. 6. This is due to the variation 
of n with change in vapor fraction along the length of a complete 
evaporator. 


P. Worsoe-Schmidt: 


By increasing our knowledge concerning heat transfer in 
horizontal-tube evaporators which is still most unsatisfactory, the 
authors have taken up a very useful task. Their approach to the 
problems is logical as it is indeed from local rather than from 

*The Danish Refrigeration Research Institute, Copenhagen K, 
Denmark. 
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average values of the heat transfer that a better understanding 
shall arise. It is, however, a question whether true, local values 
may be obtained as an average for a 4-ft section especially at 
high vapor qualities. Although no details are given in the paper 
concerning the heat transfer on the water side, it seems probable 
to assume that the greater resistance to the heat flow is found on 
the refrigerant side. In this case, rather large variations of the 
heat flux and, consequently, of the refrigerant film coefficients 
may occur without corresponding variations in wall-to-refrigerant 
temperature difference. 

At high mass velocities and vapor qualities exceeding 60 to 80 
per cent, depending on the flow rate, the present writer has found 
very abrupt changes of the local heat-transfer coefficients of 
evaporating Refrigerant-12.** Contrary tothe data shown in Fig. 
14-26 of the authors’ reference [8], a marked maximum is found 
for vapor qualities between 80 and 90 per cent. This behavior is 
explained as the result of a film formation on the tube wall, ac- 
tually observed as annular or semiannular flow in a glass-tube 
evaporator. With the rather small inside diameter of the test 
tubes, the writer would expect an even more pronounced film 
formation in the present investigation. 

If the afore-mentioned assumption is correct, the statement 
that the local heat fiux should not deviate more than +10 per 
cent from the average for the test section seems rather questiona- 
ble. This does not, however, detract from the use of the data ob- 
tained, as the test conditions are indeed close to the actual operat- 
ing conditions for most refrigerating evaporators. 

It is true that Professor Bo Pierre’s data indicate that even 
rather heavy contents of oil in Refrigerant-12 does not have any 
significant effect on the average heat transfer. However, in tests 
with oil contents in Refrigerant-12 from 1 to 15 per cent hy 
weight, the writer has found that even | to 2 per cent oil has a 
considerable influence on both flow pattern and local heat-transfer 
coefficients.** The effect of the oil was an unexpected increase 
of the heat transfer except for the last part of the evaporator. 
Due to the fact that electrical heating was applied in these ex- 
periments, it is not possible to make a direct comparison of the 
average values with those obtained by Bo Pierre. Professor Bo 
Pierre, in reference [1] of the authors, mentions that in a few 
tests with 4 to 8 per cent oil in Refrigerant-22, the effect of the oil 
was a lowering of the average heat-transfer coefficient of about 
10 per cent. This result may possibly be due to the limited 
solubility of oil in Refrigerant-22 on the low side 

The writer would like to draw the attention of the authors to a 
paper by Professor Bo Pierre® in which a semiempirical correla- 
tion of pressure drop in refrigerating evaporators is presented. 


Merl Baker’ 


This paper represents a contribution to an area of research 
which has not been given adequate attention. The experimental 
apparatus and test procedure seem quite satisfactory to obtain 
reliable data. A repeatability of the heat-transfer coefficient 
over the four-month period within a plus or minus 10 per cent 
seems reasonably satisfactory. 

Admittedly, the authors’ data plus data of previous investiga- 
tors are correlated reasonably well by the Pierre equation, yet 


‘*P. Worsge-Schmidt, “On the Heat Transfer and Flow Pattern 
for Freon-12 Evaporating in Horizontal Tubes,’’ Paper No. 2-46, 
10th International Congress of Refrigeration, Copenhagen, 1959. 

5 P. Worsge-Schmidt, ‘Some Characteristics of Flow Pattern and 
Heat Transfer of Freon-12 Evaporating in Horizontal Tubes,” 
Ingenigren, Int. Ed., vol. 3, no. 3, September, 1959, p. 98. 

* Bo. Pierre, ‘“Strémningsmotstand vid kokande kéldmedier’’ 
“Flow Resistance of Boiling Refrigerants,’’ in Swedish, Kylteknisk 
Tidskrift, vol. 16, no. 6, December, 1957, p. 225. 

7Executive Director, Professor, Mechanical Engineering, 
The Kentucky Research Foundation, University Station, Lexington, 
Kentucky. 
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many parameters known to be pertinent to heat transfer in a 
nucleate boiling system are absent. The absence of the surface 
tension in this equation may prove serious if it were extended to 
different ranges or different fluids. The absence of the tempera- 
ture differential between the evaporating fluid and the heating 
surface is believed to be a weakness of this equation. 

I am of the opinion that the rate of heat transfer between a 
heated tube surface and a simultaneously flowing and evaporating 
refrigerant is governed by all of the laws of the nucleate boiling 
superimposed upon the laws governing forced convection. The 
degree of tube surface wetting is also a major factor. With the 
pressure drops reported in the test data of this paper it is reasona- 
ble to expect that the tube was completely wet. This may not 
always be the case. 

[ am hopeful that the authors will continue research in this 
field and expand their scope of investigation over the wider range 
of variables. I believe that this paper does make an important 
contribution to the knowledge in the field of boiling heat transfer. 


Authors’ Closure 


The authors are grateful for the data provided by Mr. S. W. 
Anderson and hope that he will publish in the near future addi- 
tional information on his experimental work. As pointed out in 
our paper, Mr. B. Pierre’s correlations (1) and (2) are for the 
average evaporating heat-transfer coefficient within the quality 
and (Nz,2K) parameter ranges indicated. The authors point 
out that the initial data in Table 1 for the local heat-transfer co- 
efficient at quality changes in the order of 20 per cent, fall within 
about +10 and —20 per cent of Relation (1), while our data above 
vapor qualities of 70 per cent do not correlate using Pierre’s 
correlations. It is of interest that Relation (1) predicts a local 
coefficient of 950 Btu/(hr ft? deg F) at 225,000 lb/hr ft? using the 
information given by Mr. Anderson in Fig. 10. The experimental 
results, shown between 30 and 75 per cent average vapor qualities, 
respectively, in Fig. 10, indicate coefficients that fall between —25 
per cent and +16 per cent of the value calculated using Relation 
(1 The value of 950 Btu/(hr ft? deg F) from equation (1) 
represents about the right-average value. Pierre’s correlations 
thus appear applicable to Mr. Anderson’s results as practical 
approximations within the limited ranges given in the text, 
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in spite of the appreciable variation with vapor quality. 

Since the authors do not have sufficient data at vapor qualities 
greater than 70 per cent, we cannot recommend a local correla- 
tion in this region. The suggestions of Mr. Anderson in Rela- 
tions (7), (8), and (9) offer one reasonable approach. It seems 
quite possible, however, that the basic form of the correlations 
presented in this paper will have to change to correlate the high 
quality region over a large enough range of the various parameters 
since vapor quality has such a large and nonlinear effect in this 
region 

As Mr. P. Worsge-Schmidt points out, there is little doubt that, 
due to the rapid change of the local heat-transfer coefficient at 
vapor qualities greater than 70 per cent (in our case), a four-foot 
test section is too long to obtain true local data. His remarks 
regarding the +10 per cent change of the local heat flow along 
our test section are very understandable since we did not make 1t 
clear that this was the case only for the data which we have pre- 
sented with Pierre’s correlations. At local vapor qualities 
greater than 70 per cent abrupt wall temperature changes were 
measured that indicated local heat flux changes by factors of up 
to 5 to 1. In run 6A (Table 1), for example, the water-side co- 
efficient was 800 Btu/(hr ft? deg F) while the refrigerant side 
coefficient changed from 750 to 150 Btu/(hr ft® deg F) as its 
vapor quality increased from 76 to 92 per cent 

The authors concur with Professor Baker’s statement that the 
absence of such fluid properties as the surface tension restricts 
the extent to which Pierre’s correlations can be extended to other 
media. The empirical nature of this correlation does, in fact, 
limit it to only those ranges of variables for which it has been ex- 
perimentally verified. The temperature differential between the 
refrigerant and the tube wall is not, however, left out of Pierre’s 
correlation. The implicit proportionality to this temperature 
difference, raised to some power, is explained in equation (9) of 
Mr. Anderson’s discussion and is also pointed out in the text of 
the paper. 

Professor Baker points out that the tube surface may not 
necessarily be completely wetted for conditions beyond the range 
covered by the pressure drop results here reported. This is a 
rather important point Both our pressure-drop results and 
most of our heat-transfer results are admittedly limited to con- 
ditions where complete wetting was likely. 
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Heat-Transfer and Flow-Friction 
Characteristics of Crossed-Rod Matrices 


The paper presents a continuation of the program on porous media heat-transfer and 
flow-friction behavior previously covered in References (2b) and [3b].' AU the previous 
results of interest to the designer on woven-screen matrices and crossed-rod matrices 
of a random configuration are summarized here. 


In addition, new design results for 


the regular in-line and regular staggered crossed-rod-matrix configurations are re- 


W. A. SUTHERLAND § 20”. 


Engineer, General Electric APED, 
San Jose, Calif. Assoc. Mem. ASME 


Matrices of the type considered here may find application as heat-transfer 
surface geometries for nuclear-reactor fuel elements, for electrical resistance heaters and 
for periodic-flow-type heat exchangers used for gas-turbine regeneralors, and some air- 


conditioning applications. 


in study follows TR-Nos. 10, 16, and 28 [1, 2a, 3a] 
in presenting design results for the convective heat-transfer and 
flow-friction behavior for flow through porous media. 

Locke [1] developed a transient test technique for establishing 
the low Reynolds-number heat-transfer characteristics. Coppage 
{2a} then utilzed this technique in establishing the characteristics 
for porous solid bodies or matrices formed from stacked woven- 
wire screens. These results, ranging from 5 < NR < 1000, were 
extended up to Ng = 10° by Tong [3a] using a different transient 
technique together with matrices of crossed rods to simulate 
woven screens. Summaries of the design information so obtained 
were published in references [2b] and [3b]. 

The reason for limiting the work mainly to porous bodies 
formed from stacked woven-wire screens is that these geometries 
Information now 
covers the ranges of Reynolds numbers of 5 to 10° and porosity of 
0.60 to 0.83. In obtaining these characteristics the behavior of 
what is termed a random stacking of crossed-rod matrices was 
also established experimentally as a step incidental to the main 
purpose of simulating the woven-wire matrices for the high Np 
range. This simulation involved adjustments of the crossed-rod 
results to account for the lack of complete geometrical similarity 


are capable of a fairly clear-cut description. 


' Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J.. November 29—-December 4, 
1959, of Tae American Socrety OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
September 3, 1959. Paper No. 59—A-168. 


Nomenclature 


associated with the wire inclination introduced by weaving. 
These adjustments are described in reference [3b] 

Also, in reference [3b] the random stacking, crossed-rod results 
are reported as such for the ranges 500 < Ng < 10° and 0.60 < 
porosity p < 0.83. This is the same porosity range as for the 
woven screens because each crossed-rod matrix geometry was de- 
signed with a transverse pitch z, to match the porosity p of a 
particular screen matrix. 

In addition to the random stacking, regular in-line and regular 
staggered stackings are also of technical interest. These arrange- 
ments are described in Fig. 1. For all three arrangements 
each of the rod rows is paired with one adjacent row crossed 
at 90 deg. The transverse spacing of the rods is a constant for 
the matrix and is described by the transverse pitch-diameter 
product zd. As the crossed-rod pairs contact each other at the 
crossing points the longitudinal spacing pitch z, is identically 
unity. In the random orientation each of the 90-deg crossed 
pairs is oriented at 45 deg with the neighboring pairs. In the in- 
line orientation each of the crossed pairs is oriented so that the 
rods in every other row line up. For the staggered orientation 
the rods in every fourth row, for instance 1, 5, 9, etc., line up with 
each other, and so do the rods in rows 2, 6, 10, 14, etc., 3, 7, 11, 15, 
etc., and 4, 8, 12, 16, etc. 

It is the objective of this paper to present the convective heat- 
transfer and flow-friction characteristics of the in-line and stag- 
gered configurations. For completeness and for the purposes of 
comparison the random stacking configuration as well as the 
woven-screen characteristics will also be presented. The ranges 
covered for the crossed-rod configurations are from about 8 x 10? 





A heat-transfer area, sq ft 


Atiow matrix average flow area, A row 
= pA frontal, 84 ft 
average 


A tronta! matrix frontal area, sq ft 


+. fluid specific heat at constant sq ft) 
pressure, Btu/(lb deg F) 


C thermal capacity of copper 
cylinder, Btu per deg F 
diameter of rod and wire, in., ft 


base of 
2.718... 


natural logarithms, 
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reciprocal 
factor 
law 32.2 


in Newton’s second 


mass 
matrix, based on A row, Ib/(hr 


maximum mass velocity in 
matrix, based on minimum 
free-flow area, TA frontal, lb/ 
(hr sq ft) 


unit conductance for thermal 
convection 


Btu/(hr sq ft deg F) 


fluid unit thermal conduc- 
tivity, Btu/(hr sq ft deg 
F/ft) 

length of matrix in the flow 
direction, ft 

porosity of matrix, (vol. of 
voids)/(vol. of matrix), di- 
mensionless 

pressure, #/sq ft, or in. H,O 

pressure differential, #/sq ft, 
or in. H,O 

= hydraulic radius, 

(1) and (4), ft 

(Continued on nezt page) 


of proportionality 


(Ib/ #)(ft/sec*) 
velocity in 


Equations 


heat transfer, 


aucust 1960 / 199 





to 10° for Reynolds number and 0.50 to 0.83 for porosity. The 
coverage down to a porosity of 0.5 represents an extension of the 
0.6 limit for the previously reported random-stacking configura- 
LIoDs 

The flow-friction behavior of 
crossed-rod and woven-screen matrices is of technical interest be- 
cause of the possible application of these geometries in fuel ele- 
ments for gas-cooled or diphenyl-cooled nuclear reactors [4, 5]. 
Matousek [5] summarizes recommended thermal-design data for 
crossed-rod matrices based on the Stanford heat-transfer and flow- 
Inction 


‘onvective heat-transfer and 


results for the random stacking together with some 
flow-friction results from Argonne for the regular and staggered 
stacking configurations. The results reported here provide an 
extension of this summary. 

In the automotive-type gas-turbine plant a regenerator is a 
virtual requirement to realize a competitive specific fuel consump- 
tion at light loads. One such regenerator of the periodic-flow type 
incorporates a screen matrix [6] 

(rea “‘densities’’ of the order of 1000 sq ft transfer area per 
cubic foot of volume can be realized with 24-mesh screen, and this 
is of the order of 4 times greater than can be realized with very 
compact plate-fin surfaces 
provided by 


{7} and 25 times greater than that 
l-in-diameter tubes in a tube bundle, a geometry 
typical of many industrial shell-and-tube-type exchangers. A 
clear advantage in compactness is evidenced for the matrix-type 
surface. However, its use ‘as a heat-exchanger surface is re- 
stricted to either periodic-flow-type exchangers in contrast to the 
direct-transfer type, or to heat-transfer applications where the 
solid material of the matrix is the “source’’ of the thermal energy 
as by nuclear fission, chemical reaction, or electrical 7*R heating. 


Geometrical Parameters 


The description of either the woven-screen or crossed-rod 


matrices is provided by the geometric parameters in Table 1. 


Table 1 
Dimensional 
Flow hydraulic radius, ry, ft 
Heat-transfer area density, a 
sq it/cu ft 
tod or wire diameter, d, ft 


Geometric parameters 


Nondimensional 
Porosity, p 
Transverse pitch, z; 
Longitudinal pitch, z; 
Minimum flow area to frontal 

area ratio, ¢ 

For the crossed-rod unity; for woven-screen 
matrices x, may be slightly less or greater than unity because of 
flattening or crimping of the wire during the weaving process. 


matrices z, 1s 


While generally two transverse pitches are needed, for present 
purposes only square-mesh geometries will be considered so that 
one will suffice 


The general definition of the hydraulic radius is 


r, & lAtiow/A 


No menclature- 


where the average flow area Aysiow in distinction to the minimum 
flow area 7A frontai is defined by 
4 ‘ 
A flw = pA frontal ( 2) 
The area density is defined as the transfer area per unit matrix 
volume 


a & A /lA frontal (3 } 


The definitions (1), (2), and (3) combine to yield 


r, = p/a (4) 


These relations are generally applicable to any porous solid or 
matrix providing all the voids are connected to permit through 
flow. Moreover, with suitable definition of the void volume, they 
will apply to either side of any heat exchanger surface. 

For the crossed-rod matrices of square mesh using circular cylin- 
der rods the following simple relations may be readily derived: 


p = 1 — w/(Az,) (5) 


o = (z, — 1)*/z/ 


ad = m/z, 


z, 1 
r,/d = 
T 4 
It is evident that z, and d describe the matrix with respect to p, 
go, a,andr,. Additionally, the character of the stacking, Fig. 1, 
is required to complete the description. 
W oven-screen matrices are not so simply specified because of the 
wire inclination which results from weaving and the previously 
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Fig. 1 Configuration geometries; 
staggered crossed-rod matrices 
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W = mass-flow rate, lb per hr Dimensionless Groups 


= heat-transfer area per unit wa gs 
: = 
volume of ; 


matrix, or ‘area 
density’’ Equation (3), sq 
ft/cu ft Cp 
time, hr 
fluid viscosity, Ib/(hr ft) 
fluid density, lb/cu ft 
ratio of minimum free flow to 
frontal area, dimensionless 
matrix friction drag force per Nr = 
unit of matrix surface area, 
#/sq ft 4r,G/u 
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aerodynamic 
Equations (16) and (19) 


pressure coefficient, Equations 
(15) and (18) 


Fanning friction factor, Equa- 
tions (14) and (17) 


Prandtl number, Np, = yc,/k 


Reynolds number for tubelike 
flow or interior flow, Na = 


Reynolds number for flow over 
a body, Narra) = dGmax/u 

Stanton number, Ve, = A/Gce, 

longitudinal pitch, ratio of lon- 
gitudinal spacing to wire or 
rod diameter 

transverse pitch, ratio of trans- 
verse spacing to wire or rod 
diameter 

denotes pounds force in distinc- 
tion to lb for pounds mass 

denotes defining equation 
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drag coefficient, 





mentioned possibility of flattening or effects 
1), (2), 


Also Equation (6) applies for square-mesh 


crimping The 
definitions Equations and (3) still apply as does the re- 
lated Equation 4 


screens. 


Correlating Parameters 
Two Reynolds numbers will be used for correlating the flow 


friction and heat-transfer characteristics 


Nr & ir,G Le 


N Rid & dG max iad 


G 2W /(pAt 
directly that 


where yntal), : & W /(aAy, 


Ne/Naia tr,0/(pd 


Then from Equation (4) 


Nr/Narw = 40/(ad 


and, this relationship is valid for both the crossed-rod and woven- 


wire matrices. Specifically for the crossed-rod matrices, Equa 


tions (6) and (7) may be introduced to yield 


Nr V nva) = 4/ _ em 1)? (Wr, 


Equation 12) is graphed in Fig. 2. 
The heat-transfer parameter that will be used is the conver 
tional Stanton number in preference to the equally conventiona 


Nusselt number 
N a: c,.) 13 


Three flow-friction parameters are employed in this presenta 


tion: (a) A Fanning-type friction factor, f, conventionally found 
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Fig.2 Ratios of Reynolds numbers and friction pa 
of porosity for crossed-rod matrices 
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useful for internal flow situations (such as for longitudinal flow in 
a cylindrical tube); (6) a pressure coefficient, Cp; and (c) an 
aerodynamic drag coefficient, Cp, useful for external flow situa- 
tions (like flow over a circular cylinder). The f-factor is more 
useful in design applications; Cp and C p are of value in interpreta- 
tion and discussion of the flow-friction behavior, particularly for 
large magnitudes of z, such that the porosity approaches unity. 
Their definitions follow: 


ij G p*l 
IT / 


29. 


‘ y 2 /nd 
4 2rd Gaz’ p*| 


Cc, = T J 
Ff rs P / \? 29. { 
4 


Cp = Cp/(l — @) 


(15)? 


(16) 


For essentially constant-density flow, the drag force per unit sur- 
face area 7 is related to the matrix pressure drop AP, by 


TA =A froatat OP 


14), (15), 
and (2) for r, and Afiow, vield 


AP ' l ( 7?/p? 
p aie r, 29. 
ae ( l (eee p? 
p ae 2rd 29, 
. l Guae* p” 
Cp oral (Afgrontai 1 — 7) 1 - 29. p (19) 


It is seen from Equation (17) that f incorporates the flow losses 
at the entrance and exit sections of the matrix while usually for 
tube-type flow these losses are accounted for by separate additive 
terms in an equation like (17) involving empirically established 
loss coefficients [7]. In the usual tube-type definition for f the p 
in Equation (14) is omitted [7]. The reason for including it for 
the matrix is that by doing so f does combine the entrance and 
exit effects with the core friction, since these losses are not amena- 


Then Equations and (16) together with the defining 


Equations (1 


TA = 


ble to separation as in the case of tube-type flow 

When the flow density cannot be treated as a constant, a flow 
acceleration term also comes into the pressure-drop evaluation and 
this consideration is treated in reference [7]. 

From Equation (18), since (1/2z,d) is the number of pairs of 
crossed-rod rows or the number of woven screens in the matrix, 
Cp is effectively a pressure coefficient for one pair of crossed-rod 
rows or for one screen. Since the hydraulic radius goes to infinity 
as the porosity approaches unity it is evident from the defining 
Equation (15) that Cp = 0 for p = 1. Note, however, that the 
factor f does not behave this way and is finite for p = 1. 

The relationship between f and Cp is provided by the defining 
Equations (14) and (15) as 


Cp (24 a \? 
f Th Pp 


For the crossed-rod-matrix geometry, since z, = 1, Equations (4), 
(5), (6), (7), and (20) combine to yield 


(20) 


Cp 2dac* [2a(x, — 1)*/z] 


is fl — w/4z,]* 


(21) 
f p* 


It is clear here too that for p = 1, since z, = ©, Cp/f is zero and 


so Cp must be zero. 


2 In the references [3a] and [3b] Cp is called a drag coefficient 
for a screen. It differs from what is conventionally called a drag 
coefficient as indicated by Equation (16). 
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Equation (21) is graphed in Fig. 2 for crossed-rod matrices. 
Either porosity p or the transverse pitch z, will suffice as an 
abscissa since p is uniquely related to z, in accordance with 
Equation (5). 

From Equation (19) it is evident that Cp is the drag force (7A) 
per pair of crossed-rod rows per unit of projected area of one 
crossed-rod pair, (1 — @)Afrontai, divided by the velocity-head- 
density product term. Thus Cp matches the conventional defini- 
tion of a drag coefficient. Unlike Cp which goes to zero as po- 
rosity approaches unity, Cp tends to a finite value. This fact is 
not fully evident from the defining Equation (16) because as Cp 
approaches zero, the solidity (1 — @) also approaches zero and 
the ratio is indeterminate. If Equations (15) and (16) are com- 
bined, using Equation (4), it is seen that 
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Now for crossed-rod matrices, with z, = 1, using Equations (6) 
and (7) for (ad) and o in terms of z, and then letting z, go to ©, 
as is the case for p = 1, results in 
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Fig. 3. Approach of crossed-rod matrix to in-line cylinder geometry as 
porosity goes to unity 


. A j Gras* p*) 
Ar Cp.p=i > 
T { “Je f 
But A/z is equal to the number of crossed-rod row pairs times 


the projected area of one pair, which is also, the number of single proaches unity, the matrix Cp will approach that of the in-line 


isolated cylinders described in Fig. 3. Cp would not permit a 
comparison of this type. 


rows times the projected area of one row. Thus Cp,,.; is the 
drag coefficient for either an in-line series of cylinders or for crossed 
cylinders in line as indicated in Fig. 3. A point of interest is that 
the in-line cylinders corresponding to the in-line and staggered 
matrices are spaced 2 and 4 diameters apart, respectively. 

The ratio Cp/f can be formed readily from Cp/f as given by 
Equation (21) and Cp/Cp from Equation (16). This result, as a 
function of z, or porosity, is graphed, Fig. 2. For a porosity of 
unity z, goes to infinity and C,/f approaches 7. 


Description of Matrices and Tests 


The crossed-rod matrices tested are described in detail in 
Table 2. All of the matrices were formed from */s-in-diame- 
ter plastic rods. 

The 0.725 porosity matrix, No. IV, is pictured in Fig. 4. Each 
row of rods was pinned into its own plastic ring having an ID 
of 10.00 in. and a length of 0.375 in. Longitudinal keyways 
on the outside ring periphery allowed accurate alignment of the 
Matrices Nos. I, II, and III contained six crossed-rod 
pairs while Nos. IV, V, VI, and VII contained five pairs. The 
porosity range covered was from 0.832 for matrix No. I to 0.500 


The following points summarize the reasons for using three dif- 
ferent friction coefficients in this presentation: 


1 The Fanning-type friction factor f is the most convenient 
one to use in heat-transfer flow-friction design calculations. 


2 The pressure coefficient Cp is useful in interpreting the 


rows. 


variation of matrix-friction behavior with porosity, particularly 
at high porosities since Cp approaches zero as p approaches unity. 
Moreover, it was discovered in earlier work on this program [3a, 


for matrix No. VII. 
As indicated in Fig. 4, one rod element of the assembly was 
made of a 0.375-in-diameter solid copper cylinder with plastic- 


3b] that Cp» versus Nara served to correlate very well the friction rod end pieces. This cylinder, located in the seventh row in the 
air-flow direction (the front row of the fourth crossed-rod pair) 
was designed to be withdrawn from the matrix or inserted through 
the hole in the duct pictured in Fig. 4. 


The test procedure to establish the heat-transfer coefficient in- 


behavior of the woven-sereen matrices with that of the crossed- 
rod matrices 
3 The drag coefficient Cp is also useful in interpreting the 


variation of matrix-friction behavior with porosity. As p ap- 


Table 2 Specifications for crossed-rod mairices 


Matrix no I II ITI IV 

Porosity, p 832 0.817 0.766 0.725 
Rod diameter, d, in .375 0.375 0.375 375 
Transverse pitch, x; .675 4.292 3.356 2.856 
Hydraulic radius, ra, ft 0387 0.0349 0.0256 .0206 
Area density, a, sq ft/cu ft . 21.5 23.4 30.0 35.2 
Free flow/frontal area, o 618 0.588 0.493 422 
Capacitor length, in. 56 8.56 5.00 5.00 
C/A, Btu/(sq ft deg F) : 391 0.391 396 .396 
Na/Naw -.. 3.68 3.21 2.11 536 
'p/f 891 0.929 012 030 
382 0.412 507 .578 
33 2.26 995 782 
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Fig. 4 Crossed-rod matrix test core; porosity of 0.725, matrix No. IV, 
Table 2. Thermal-capacitor el t is located in first row of fourth 
crossed-rod pair of flow direction. 





volves the measurement of the temperature-time history of the 
copper-rod element as it cools in place in the matrix. The rod 
can be treated as a lumped thermal capacitor with negligible in- 
ternal resistance. This technique was used in 1940 for both heat 
and mass-transfer investigations [8] and more recently in its 
application to. tube-bank heat transfer [9, 10]. 

The seventh-row location for the copper element was estab- 
lished, by tests reported in reference [3a], as that providing the 
convective heat-transfer coefficient representative of a matrix 
with many rows on the order of 50 or more (25 or more crossed- 
rod pairs). The first row had a coefficient only about 65 per cent 
of the seventh row. The variation of the average matrix coeffi- 
cient with the number of pairs of crossed-rod rows could be ob- 
tained by integration of the row-to-row local coefficient varia- 
tion. Further discussion on this point will be given later. 

Fig. 5 shows the duct containing the test matrix. The re- 
movable thermal] capacitor has installed in it an iron-constantan 
thermocouple. With the air flow established at a desired rate, 
the capacitor element was withdrawn from the matrix and 
heated in a small electric oven 50 to 60 deg F above the duct air- 
flow temperature. The element was then reinserted in position 
in the test matrix and its temperature-time history measured. 
For the slower cooling rates a Brown Electronik indicator (25-in 
scale, 5-millivolt range, 0.5-sec full-scale response) was used with 
a stop watch to note the times at 1.0, 0.9, 0.8, 0.7, 0.6, and 0.5 
millivolt above the reference junction in the air stream. The test 
cooling range was thus about 15 deg F starting about 30 deg F 





REMOVABLE CAPACITOR ELEMENT 


above the air-flow temperature. For the faster cooling rates a 
Brown Electronik recorder was used. This instrument has a full- 
scale response of less than 0.5 sec. An optional range selector was 
set to 2 millivolts full scale on a 10-in. scale. 

The temperature-time behavior of a thermal capacitor of ca- 
pacitance C Btu per deg F, cooling in an air stream with a pure 
convection resistance at the surface of 1/(hA) hr deg F/Btu, is 
given by the relationship [3a, 8, 9] 


(22) 


where the temperatures are referred to an air-stream datum and A 
is the cylindrical surface area of the capacitor. For the small 
cooling range considered, the thermocouple emf response is linear 
with temperature so that the minus logarithm of the emf ratio 
plotted versus time yields a straight line of slope h/(C/A). The 
convective heat-transfer coefficient was evaluated from this slope 
and the (C/A) magnitudes of Table 2. 

C/A is of the order of 0.40 Btu/(deg F sq ft) and the test h 
magnitudes ranged from 3 to 100 Btu/(hr deg F sq ft). Thus the 
“time constant,”’ (C/A)/h, for the thermal resistance-capacitance 
circuit ranged from 0.133 to 0.004 hr (+15 sec). From this last 
magnitude it becomes clear why a recording potentiometer was 
required for the faster cooling runs. 

The friction-factor coefficient determination was made from 
the measured matrix pressure drop. Since essentially constant- 
density flow conditions obtained, Equation (17) was used. Be- 
cause of the wide flow range, it was necessary to measure AP with 
either compound vertical-and-inclined draft gages or with a 2-in- 
range micromanometer which had a sensitivity of 2 X 10~‘ in. of 
water. The test AP range was from 10 to 0.01 in. of water. 

Air flow was induced from the laboratory room through a 
smoothly convergent inlet, then through the straightener, the 
matrix, the metering orifices, and the blower in series. Air-flow 
metering was accomplished by a set of four ASME standard 
orifices to cover the test range. Uniformity of flow upstream of 
the test matrix was obtained by adjustment of trim tabs on an 
egg-crate flow straightener. 

The estimated uncertainty intervals associated with the test 
measurements are as follows [3a]: 


Ne + 3 per cent f = 5 per cent 


Nr + 2 per cent Np, + 2 per cent 


From the test results presented graphically, Figs. 6 to 13, it is 
clear that the experimental] scatter on f and Ng, is generally well 
within these limits. 

A more detailed description of the test equipment is contained 
in reference [3a]. 


FOR 
TEMP. & VEL. SURVEYS 


Fig. 5 Test duct with matrix installed 


Journal of Heat Transfer 


aucust 1960 / 203 





Results 


Previously reported results [3a, 36] included only the random 
stacking configuration for matrices I, II, III, IV, V, and VI de- 
scribed in Table 2. The new results reported here include the 
regular staggered and regular in-line configurations for matrices I, 
Ill, V, VI, and VII as well as the random configuration for matrix 
VII. Matrix VII was introduced to extend the porosity range 
down to 0.50. Matrices Il and IV were omitted from this test 
sequence in that they represented intermediate values of porosity 
ilready adequately covered by the others. 

Figs. 6 to 10 provide the basic heat-transfer and flow-friction 
characteristics for the random, the staggered, and the in-line con- 
figurations in the form of Ng Np, /* and f versus the Reynolds 
number, Np, based on hydraulic radius. The Nx range is from 
ibout 800 to 10° and the porosity range from 0.50 to 0.83. 

As can be seen, there are no striking differences in the heat- 
transfer behavior until the porosity exceeds 80 per cent. How- 
ever, the friction behavior is substantially different with the 
staggered arrangement, providing the lowest f at p = 0.500 by 10 
to 20 per cent and the highest f at p = 0.832 by 30 to 40 per cent 
relative to the random configuration. The in-line configuration 
has about the same f as the random configuration for the porosity 
range 0.500 to 0.675, but for p = 0.766 and 0.832 it is substantially 
lower. The two-to-one ratio of f (staggered) to f (in-line) at p = 
0.832 was quite unexpected, but can be explained in a satisfactory 
manner as will be shown in the discussion to follow. 

Figs. 11, 12, and 13 show the influence of porosity separately 
for each of the three crossed-rod configurations while Figs. 14 and 
15 provide the same comparison for the woven-screen matrices 


Discussion 


All of the foregoing results are for the behavior of a representa- 
tive single screen or a crossed-rod pair in a many row matrix. 
The first three pairs of rows will have progressively increasing 
heat-transfer coefficients. The coefficient is then constant 
for the fourth row and beyond. In Fig. 16 the integrated 
average matrix heat-transfer coefficient, h,,,, is compared to h,, 
the coefficient of a rod element located in the fourth or higher 
crossed-rod pair. Also shown is the comparable tube-bank be- 
havior from reference [9], and it substantiates the behavior of the 
matrices. Clearly for less than 10 screens or 10 crossed-rod pairs 
of 20 rows in a tube bank, the lower heat-transfer performance of 
the first few rows has sufficiently large influence so that it should 
be taken into account by the designer. Fig. 16 will be useful for 
this purpose. 

The three configurations, random, in-line, and staggered, all 
exhibit about the same heat-transfer behavior at a given porosity 
and Reynolds number, Figs. 6 to 10, except possibly for the 
higher porosities, p greater than 0.80. The woven-screen matrices 
also closely match the crossed-rod matrix heat-transfer behavior 
at the same porosity and Ng; since the woven-screen information 
covers a wider range of Ng, 105 down to about 5, it may be used 
as a guide to extrapolate the crossed-rod matrix characteristic to 
lower values of Nz than the test limit of about 10°. 

The friction-factor f versus Na» characteristics for the three 
crossed-rod configurations are reasonably close to each other at 
a given porosity for p less than 0.70. 
small at the porosities, very 
differences in f exist at the higher porosities 


However, while the dif- 


ferences are lower substantial 


This behavior is il- 
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Fig.6 Effect of configuration on heat transfer and flow friction; porosity = 0.500; matrix Vil, Table 2 
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Fig.7 Effect of configuration on heat transfer and flow friction; porosity = 0.602; matrix Vi, Table 2 
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ustrated in Figs. 17 and 18 by cross plots from the f 
acteristics of Figs. 11, 12, and 13. 


— Ne cha 
Additionally, ata Ng = 10* 
some results by Matousek [5] obtained with water flow over smal! 
diameter rods (0.080 to 0.125 in. diam) are presented to extend the 
porosity range down to 0.37. In the overlapping region quite 
good agreement is obtained between the Stanford and Argonn: 

Matousek) results. This agreement substantiates the corre 
tions made by Matousek [5] for the test-section wall effect. His 
rectangular test sections were relatively small with the rod ek 
ments paralleling the walls. Thus the space at the wall produced 
a low-resistance path for flow to bypass the matrix. This wall 
condition did not exist for the matrices used in the Stanford pr 
gram, as is evident from Fig. 4. 

At a porosity of 0.80 and a Ng = 10* the f-magnitudes ar 
0.26, 0.33, and 0.41 for the in-line, random, and staggered arrange- 
ments, respectively. These unexpected large differences at 
high porosity are also shown in another way by Fig. 19 where the 
pressure coefficient Cp is graphed versus porosity at a Nai» = 
10*. With this type of presentation, recalling the discussion ac- 
companying the definition of Cp, Equations (15) and (18), Cp = 0 
at p = 1, and thus the characteristic must extrapolate as shown 
beyond the test limit of 0.83. Some in-line tube-bank friction 
data are available in reference [11]. These Cornell results, pre- 
sented in a Cp versus Na a form, extrapolate to Cp = Oat p = 1 
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Crossed-rod matrix heat-transfer and flow-friction characteristics; summary for the in-line configuration 


in., Fig. 19. Moreover, the tube bank with a longitudinal tube 
spacing of 4 diameters has a larger Cp than the 2-diameter spacing 
tube bank for p less than unity. In the discussion of Fig. 3 it was 
pointed out that as p approached unity the staggered configura- 
tion approached the geometry of in-line tube banks having the 
t-diameter spacing while the in-line configuration approached the 
2-diameter spacing. Thus it is clear that the higher Cp (and f) 
of the staggered comnared to the in-line configuration, for p 
greater than 0.70, is supported by the Cornell tube-bank results. 

In Fig. 20 the drag coefficient Cp versus porosity representa- 
tion is used to again compare the friction behavior of the in-line 
ind staggered configurations. This representation allows an 
‘xtrapolation to p = 1.00 for comparison of the matrix behavior 
with the available aerodynamic-drag information for cylinders 
either as a single cylinder in an infinite stream, or two cylin- 
ders with a 2-diameter longitudinal spacing, or two cylinders with 
a 4-diameter longitudinal spacing [12]. Because of the wake effect, 
the average drag coefficient for two cylinders is less than that for 
the single cylinder. Moreover, Cp for the 4-diameter-spacing 
cylinders is greater than that for the 2-diameter spacing, and this 
result supports the matrix behavior at high porosity where the 
staggered configuration shows the higher friction. The Cornell 
tube-bank results also extrapolate very well to the p = 1 limit 
to agree with the aerodynamic-drag behavior of cylinders. 
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Fig. 12 Crossed-rod matrix heat-transfer and flow-friction characteristics; summary for staggered configuration 
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Fig. 13 Crossed-rod matrix heat-transfer and flow-friction characteristics; s y forr 
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Fig. 14 Woven-screen matrix heat-transfer characteristics 
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Fig. 15 Woven-screen matrix flow-friction characteristics 
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This extrapolation of the Cp and Cp curves to the p = 1 limit 
parallels a discussion by T. T. Siao of the single-screen, flow-fric- 
tion results presented by Baines [13]. W. G. Cornell [14] also 
provides some information on single-screen drag coefficients 
The comparison of single-screen with multiple-screen matrices 
from Fig. 15, is shown in Fig. 21. 
similarities are evident, but for Nr,g > 100 marked differences 
develop. 


In the low Na cw range strong 


The number of screens in the matrix when there are 
less than three apparently has a strong influence (Naa > 100 
for porosities on the order of 0.60 and a lesser influence for 
porosities on the order of 0.80. Thus from the designer’s point of 
view the influence of the number of crossed-rod pairs or screens 
on friction behavior for matrices consisting of less than four rows 
is not clearly evident at this time. In the meanwhile he may find 
Fig. 21 of help in making judgments. 


Summary and Conclusions 
The major features of this presentation may be summarized as 
follows: 


1 Figs. 11-16 provide the designer with the basic heat-trans 
fer and flow-friction characteristics for several configurations of 
crossed-rod matrices and, additionally, for previously reported 
woven-screen matrices over a wide range of porosity and Reynolds 
number. 

2 Applications of such results as these are illustrated in ref- 
erences [6] and [7] for the periodic-flow type of heat exchange 
Matrices 
of this general type also may be used in the design of electrical 


and in reference [4] for nuclear-reactor fuel elements. 


resistance heaters. 

3 With respect to heat transfer, there is apparently no marked 
difference in behavior between the random, staggered, and in-line 
crossed-rod matrix configuration and even the woven-screen 
matrices 

4 With respect to flow friction, when the porosity exceeds 70 
per cent there are significant differences; the staggered crossed- 
rod configuration shows the highest and the in-line configuration 


the lowest friction factor. The woven-screen and the random 
crossed-rod configuration behave alike. 

5 The different friction behavior at high porosities of the in- 
line and staggered configurations is consistent with the behavior 
of comparable tube-bank geometries and extrapolate in the limit, 
as porosity approaches unity, to agree with the aerodynamic-drag 
behavior of single cylinders. 

6 For matrices consisting of only a few crossed-rod pairs or 
screens, the designer will have to use judgments developed with 
the aid of Figs. 16 and 21 to modify the basic design data for the 
many row matrices as presented here. 
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Fig. 18 Influence of porosity on crossed-rod-matrix friction factor, f; staggered and random configurations compared 
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Fig. 21 


the very excellent micromanometer used for the small pressure- 
drop measurements that established the friction behavior at the 
lower test Reynolds numbers. This work is part of a heat-transfer 
and thermodynamics research program at Stanford University 
Naval Contract Nonr 


sponsored by the Office of Research, 


225( 23). 
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Experiments on Heat Transfer From 


T. YUGE 


Professor, Institute of High Speed 
Mechanics, Tohoku University, Sendai, Japan 


Spheres Including Combined 
Natural and Forced Convection 


Experiments on heat transfer between spheres and air flow were carried out in the range 
of Reynolds numbers from 3.5 to 1.44 * 10° and Grashof numbers from 1 to 10°. Em- 
pirical formulas for forced, natural, and combined convection are presented and com- 


parison made with other investigations. 


A graphical procedure, based on experimental 


results, is used to predict the heat-transfer performance for combined natural and forced 


convection. 


Introduction 


I. RECENT TIMES there has been much interest 
in heat transfer, mass transfer, and motion of small spheres in 
studies of combustion, condensation, absorption, and other 
Many 
experimental measurements have been made of sphere drag, 


processes where there are liquid drops or small particles. 


mass transfer, and heat transfer but, with the exception of 
sphere drag, the range of Reynolds number was limited. 
Previously the author [1]! had published experimental heat- 
transfer data for the Reynolds number range from 1.3 x 10° 
to 650. In the present second investigation presented here which 
is considered to be of greater accuracy than the afore-mentioned, 
the experimental range of Reynolds number was extended from 
1.44 X 10° to 3.5 which was extended further by theory to 
Reynolds numbers near zero. A further extension of the investi- 
gation included here are experimental results for natural con- 
vection in the Grashof modulus range from 1 to 10 and com- 
bined natural and forced convection for cross, opposed, and 
The results 
of these experiments were reported but the details of the investi- 


parallel air flows at Reynolds number below 2535. 
gations at Reynolds numbers above 5.9 10° are not included 
as it is a current study of the influence of turbulence on heat 
transfer to spheres to be reported later. 


Experimental Methods 


Measurements were made by two different methods—steady 
and transient similar to that used in the previous investigation 
[1]. 

Steady-State Method. 
convection and radiation by h and h,, respectively, for steady- 
heat flow, 


Denoting the heat-transfer coefficients for 


(1) 


where Q is the heat-transfer rate, A the surface area, t, and t, the 
temperature of the sphere surface and the surrounding air. The 
heat-transfer coefficient for radiation is defined as 


' Numbers in brackets designate References at end of paper 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MecHANIcAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 13, 1959. Paper No. 59—A-123. 
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(7* — T.") 
ti-t, 


= €0 


(2) 


where € is the total emissivity, ¢ the black-body radiation con- 
stant, and T The heat-transfer 
coefficient is calculated from these equations when all other 
quantities have been measured. 

Transient Methed. Consider a sphere of high thermal-con- 
ductivity material at temperature ¢, specific heat c, and weight w 
exposed to an air flow at constant colder temperature ¢,. Then 
in the time interval d@, 


the absolute temperature. 


wedt = (h + h,\(t — t,)Adé. 
For the small time interval A@, obtain by integration 


we 1 


ae eae 
+= Te 


(3) 


where ¢, and ¢, are the temperatures of the sphere at the beginning 
and end of the time interval. 
The mean temperature difference for the time interval is then 


aot (4) 


At,, = (t; = te) In b ms t, 


The heat-transfer coefficient is calculated by using equations 
(2) and (3) and measuring all other quantities. 


Equipment 
The specifications for the wind tunnels, sizes of test spheres, 
type of combined convection, Reynolds number, and Grashof 


number ranges are summarized in Table 1. The three types of 
combined convection were obtained by setting the wind tunnel 
in horizontal, upright, and upset positions. 

Wind Tunnels. Fig. 1 shows the scheme of the two interchangea- 
ble wind tunnels used, which are both suction free jet type. 

The smaller (first) wind tunnel is connected on the down- 
stream end, in order, to an air cooler, an anemometer, an air-speed 
regulator, air dampers, and finally to vacuum pumps. It was 
observed that the flow was laiainar and without pulsations. 

The larger (second) wind tunnel was operated by a centrifugal 
fan driven by a '/:-hp d-c motor and regulation of wind velocity 
was done by adjusting the motor speed. 

The third wind tunnel was operated by a 3-hp axial fan in 
place of the afore-mentioned centrifugal fan. 

The velocity distribution in the working section of the tunnels 
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Table 1 


Diam of 
Wind test 
velocity, pieces, 
ft/sec in. 
0.2~ 0.0384 ~ 
1.2 0. 2482 


Wind 
tunnel 
First 


Second 10 7 6.381 
j 0.878 

Third 10 3: : 0.878 
2.36 


Table 2 Data of some quantities on test pieces for transient method 


Diam of 

Material test O£i0 
and piece, 4 — te we 
tolerance in. te — te 
Carbon-chrome steel 0.0384 0 
+ 5y 0.0620 0O 
0.0777 O 
0.1172 0O 
0.1395 O 
0.1875 O 
0.2482 0 


Corrections 

Btu_ ; for heat 
A ft?degF loss-per cent 
0.1382 3.5 
0.2328 2 
0.2927 0.4 
0.4426 0 
0.532 0.! 
0.616 

0.818 


me BO bo bo 


Brass 
+1l5yu 


or 


was observed to be uniform over more than 80 per cent of the 
diameter, on horizontal and vertical diametral lines, by utilizing 
anemometers. 

Test Spheres for Transient Method. Seven test spheres different 
in size were used (see Table 2). The spheres were suspended at 
both sides by the temperature measuring chromel-alumel thermo- 
couple wires and, for the larger spheres, by two diagonal wires 
as shown in Fig. 2. The thermocouple wires and junction, lo- 
cated at the center of the sphere, were electrically insulated by 
using alumina paste. The thermocouple wires are run through 
small glass tubes held in a yoke of larger ones as shown in the 
figure. The wires, of thermocouple-wire material shown at an 
angle of 30 deg from the horizon also served to experimentally 
determine the wire-conduction losses. 

Care was taken to prevent alteration of the thermocouple re- 
sponse characteristics due to tension. The test spheres were 
highly finished in shape and surface polish. The thermocouple 
and support wires in the flow region of the sphere were rubbed 
down by an electrolytic-slide-polishing method [3] from 70yu to 
20% diameter, without any change of the characteristics of the 
thermocouple. This was done to prevent decreased sensitivity 
in the thermocouple circuit and to reduce the heat-conduction 
losses 

Test Spheres for Steady-State Method. Three test spheres were 
used (see Table 1). Fig. 3 shows the scheme for two smaller test 
spheres, partly simplified. A spherically shaped electrical heater 
is fitted tightly in hollow space, by using alumina paste, and the 
lead wires run through the glass and steel-pipe support sting as 
shown. An auxiliary heater, fixed between two glass tubes on the 
sting, supplies a counterheat flow to prevent conduction losses 
along the support. Heat balance was obtained by making the 
temperature difference between thermocouples 7 and 8 zero. 

The sphere surface temperature was measured as seven points 
1 to 7 shown in the figure. The thermocouples are led through 
drilled holes and along small grooves to exit on an insulating 
thread cover which is wrapped over the auxiliary heater. These 
were further wound with thread to keep them warm throughout. 
Care was taken in finishing the sphere shape and surface and in 
prevention of counterheat conduction through the thermocouple 
lead wires from the auxiliary heater. The ratio of the cross- 
sectional area of the supporting rod to the surface area of the 
test sphere is about 0.3 per cent. Deviation of temperature 
difference at any point on the sphere surface from the mean tem- 
perature difference was less than 0.1 per cent. 
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ts and 


Type of Methods 
combined of 
Gr convection measurement 
1 ~ 1.85 X cross 
10° parallel 
counter 
cross 


transient 


1.35 X 10° ~ 
1.05 & 10° 


steady 


cross steady 
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Fig. 1 Wind tunnels 
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Fig. 2 Test spheres for transient method 
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Fig.3 Test spheres for steady-state method 


The construction of the largest test sphere is substantially 
similar to the afore-mentioned except that a hollow spherical 
electrical heater was used. 

Temperature measurement was made with 
copper-constantan thermocouples by 
capable of 0.1 microvolt. 


70u-diameter 
using a potentiometer 


Experimental Procedure 


Transient Method. Measurement and regulation of wind ve- 
locity was made by a first and second thermocouple anemometer. 
The first is set in the test position, without the test sphere, and 
comes into the same condition of heat transfer as the test sphere. 
The first anemometer, previously calibrated on the rotating arm, 
is thus used to calibrate the second anemometer which is fixed 
in position. The calibration was done in the circular doughnut- 
type chamber enclosed by a gauze in which the temperature 
sensing element of the anemometer is introduced through a 
circular slit opened at the bottom of the chamber. This reduced 
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the undesirable irrerular motion of a wind drift caused by the 
arm 

One of the errors of the calibration is the estimation of the rotat- 
ing velocity of air current. The measured velocity was below 10 
per cent at the highest rotating velocity of the element and zero 
at lower velocities. Accordingly, even though the component 
velocity of air normal to the rotation direction was as much as 
40 per cent of the measured value, error, due to regarding the 
measured value as the rotating air velocity, is 8 per cent and it 
results in an error below one per cent in the calibration of the ane- 
The induced air was measured by the 
anemometer mounted 2-mm apart from the passage of the ele- 


mometer velocity 
ment, at every instant just before the rotating element arrives 
at that position. The velocity showed 20 per cent scattering in 
its value at higher rotation speed above 1 m/sec. This seems 
to mean that the calibration errors are within two per cent at 
most. 

The test sphere is heated in an electric furnace outside the 
wind tunnel. Fine slits in the furnace wall admit only the spheri- 
cal part of the test sphere for heating. The heated sphere is then 
brought into the flow stream by a mechanical linkage system and 
a time of about 3 sec is allowed to permit recovery from the dis- 
turbed flow. 

Previous to making the measurements, successive temperatures 
ty, te, t are specified in order that the In (4, — t,)/(t — ¢,) in 
equation (3) takes definite values (see Table 2) and the corre- 
sponding thermocouple potentials are set on the terminals of the 
potential circuit. By following down the switch which connects 
a galvanometer, the thermocouple of a test sphere and the termi- 
nals in series, with the cooling, the specified temperature condi- 
tions are successively obtained at the terminals and observed by 
Voice 
signals at these instants were recorded, by means of the relay 


a light mark on the galvanometer-lamp-scale system. 


circuit, on a 4-rpm synchronous-motor-driven timing drum to 
The 


sensitivity of these measurements was raised by increasing the 


measure the time intervals between neighboring signals. 


optical path length to 8 meters in the galvanometer-lamp-scale 
system. The error due to the transient operation of the galva- 
nometer is negligible as the natural period of the galvanometer is 
0.2 sec. Though these apparatus are rather primitive, the opera- 
tion Was quite satisfactory : 

Steady-State Method. regulation of wind 
velocity of the second wind tunnel are the same as described in the 


Measurement and 
transient method, except that the second anemometer is located 
But for the third wind 
tunnel a pitot tube was used according to the usual wind-tunnel 
test procedure 


out of the center axis of the wind stream. 


The test sphere was supported from the down- 
stream side and the electrical currents are supplied to the main 
ind auxiliary heaters by different batteries and slide-wire rheo- 
stats are used for control. The heat-transfer rate of the sphere 
is evaluated from both of the voltage drops at the heater and the 
standard resistor connected in series with the heater, measured 
with the afore-mentioned potentiometer. The auxiliary heater 
prevents a conduction error in the measured heat-transfer coeffi- 
cient of about 30 per cent 


Materials and Properties 


Emissivity. 
at 0.24 by 


The emissivity of the brass spheres was measured 
Nusselt’s method [4 This value was also used for 
the steel spheres as a 50 per cent error in this value would cause a 
heat-tranafer coefficient error of less than two per cent. 

Specific Heat. The specific heats, measured within two per cent 
error, are 0.092, 0.115, and 0.265 Btu/lb deg F for the brass, 
Handbook 
values were used for other materials and the calculated values 
{ are given in Table 2 


steel, and alumina-paste compound, respectively. 


ot we 
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Heat-Conduction Losses in the Wires. The author tried to find 
the wire-conduction losses by comparing the rate of heat transfer 
on the test spheres with, and without, the diagonal support 
wires. Many tests were made on the two smallest spheres. For 
the smallest sphere the ratio of these losses to the total heat 
transfer was about 3.5 per cent at several velocities. Table 2 
shows the values of the heat-loss correction used. These cor- 
rections for spheres larger than 0.0777-in. diameter were deter- 
mined in proportion to a theoretical value (see Appendix). For 
test spheres larger than 0.1875-in. diameter this loss was negli- 
gible. 

Physical Properties of Air. The heat-transfer data are expressed 
in terms of the Nusselt number hD/k,,, Reynolds number uD /v,,, 
and the Grashof number gD*At/v,:7T', where subscript m means 
the film temperature. The thermal conductivity and the kine- 
matic viscosity were evaluated from the following equations 


0.0167 (1 + 1.94 x 10-*T)T"’ 
T + 117 


380 273 + t\": 
1.33323 « 1075 
380 + 273 


keal/m hr deg C 


760 
p 


where p is the pressure in mm Hg. 


Heat-Transfer Data 


Some of the heat-transfer data for the three combinations of 
cross, counter and parallel flow, are shown in Figs. 4(a to d). 
The dashed lines show the natural convection equation (8) and 
the full lines the combined convection equations (13) to (16 
given later in the paper. In Figs. 4(a@ and b) it is shown that the 
effect of natural convection is large, especially in the case of 
counterflow. The existence of regions is recognized in the figures 
where the heat-transfer coefficients are even less than for natural 
convection alone. In these regions, a variation in the falling 
rate of the sphere temperature was clearly seen in a shifting speed 
of the light mark on the lamp scale, indicating a nearly periodic 
variation of a high heat-transfer rate for a short time followed by 
a low rate for a long time. This behavior was remarkable for 
the larger spheres and accordingly it may be considered difficult 
to keep a thermal balance for counterflow at greater values of 
Grashof number. The same figures show also that natural con- 
vection effect for crossflow is smaller than that for parallel flow. 
In Fig. 4(d) it is shown that heat transfer was done by forced 
convection only, from the facts that the full lines were plotted from 
equation (5), and that discrepancies between the plotted points 
and the lines become larger for smaller air velocity or Reynolds 
number 

Part of the steady-state data are shown in Fig. 5 

The symbols A in Fig. 6 are the data which are considered to be 
uninfluenced by air turbulence; they will be reported later in de- 
tail, as mentioned in the introduction 


Forced Convection 
Fig. 6 shows the heat-transfer results obtained in forced con- 
vection and reveals them to be markedly lower than Williams 
{5} at higher Reynolds number, in fair agreement with others 
{1, 6, 7] at medium values of Reynolds number, and to be in very 
good agreement with Allander [8] and the mass-transfer results 
of Fréssling [9] by analogy, at low Reynolds numbers from 10 to 
800, when the value of Prandt] number is taken as 0.715. These 
results based on properties evaluated at the film temperature are 
presented by the formulas 
Nu 2 


+ 0.493 Re for 10 < Re < 1.8 K 10* = (5) 


Nu = 2 + 0.300 Re®* for 1.8 K 10°'< Re< 1.5 10° (6) 
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Fig. 4 Variation of heat-transfer coefficient h with temperature differences at different wind velocities. 
forced convection and natural convection are cross, counter, and parallel, respectively. 
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Fig. 5 Variation of heat-transfer coefficient h with temperature differ- 
ences at different wind velocities (diam 0.878 in.) crossfiow 


For Reynolds number below 10 the Nusselt numbers are seen 
to begin falling gradually from equation (5) (B line), the differ- 
ence being more than 10 per cent at Re = 3.5. This departure 
seems to be substantial and not due to experimental errors 
judging from an investigation of Figs. 4(d) and 7 or the accuracy 
of the experiments. ) 

For this low Reynolds number range, theoretical solutions have 
been published by Kronig and Bruijsten [15] and the author [2] 
suming Stokes’ flow. The former solution does not completely 
satisfy the boundary conditions. Another solution [16], ob- 


tained by assuming the velocity implied in the convection term 


Journal of Heat Transfer 





r-U=7.5 INCH /SEC 


a ae oe 


6a 


,B/HR-- Te 


HEAT TRANS. COEF 


XO 
“NATURAL 
CONVECTION 


~ 











4 





20 16 12 20 16 12 2.0 


LOG. OF MEAN TEMP. DIF. LOGig dtm (Atm IN *F) 


Fig. 4(b) (diam 0.1395 in.) 





T T 


~Ust0.6 INCH/SEC 


HEAT TRANS. COEF., 8 /HR-FTEF 
re) ~ 

















ia 19 rr) ia io r 4 
LOG. OF MEAN TEMP. DIF. LOGio Ste (Stein *F) 
Fig. 4(d) (diam 0.0620 in.) 


From left to right: Directions of 


of the energy equation as the uniform velocity u is expressed in 
the following form, which also satisfies Kronig’s and Bruijsten’s 
solution 
Nu 2+ 0.5 Pe + O(Pe?) (7) 
where 
Pe = Péclet number Re Pr 

and 0 means order of magnitude. 

Point D in Fig. 6 was obtained from equation 
term omitted, by putting Pe 


(7), the third 
0.1 and the arrows bounded by 
short horizontal bars show the variation in (Nu — 2) by assuming 
that the third term is one tenth of the second term. This point 
and the dotted line drawn through are based on the theory that 
the convection effect is overestimated. Points A and the arrows 
show the author’s successive approximate solution and its one 
per cent error, respectively. 

The upper limit of Reynolds number for the Stokes’ solution is 
about 0.4 which gives calculated values of the drag coefficient that 
are 4 and 20 per cent lower than measured at Reynolds numbers 
of 1 and 3, respectively. If the theoretical solution underesti- 
mates the friction force then the theoretical Nusselt numbers 
will underestimate the heat-transfer coefficient. Accordingly, 
the curve which connects the valid portion of the theoretical 
points at Reynolds number near 0.4 and experimental data at 
Reynolds number near 3 is consistent with the foregoing. This 
curve presents rapid decrease of the increasing rate of (Nu — 2), 
which is Nusselt number dependent only on the convection cur- 
rent, with increase of Reynolds number, at Reynolds number 
between 2 and 10. But this seems to be consistent with the 
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Fig. 6 Heat-transfer data in forced convection 
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Fig. 7 Heat-transfer data in natural convection 


experimental results by Nishi and Porter [17], that a vortex ring 
is formed at Reynolds number 8.15, for a sphere in an air flow, 
ind the flow separation occurs, of course, below 8.15 and above 
1, because it is clear that both the vortex and the dead space 
tend to prevent heat transfer 


Natural Convection 


Natural-convection data by Yamagata [18] and the author are 
shown in Fig. 7 and compared with the empirical formulas of 
Allander [8] and Ranz and Marshall The line 
through the plotted points is represented by 


ial 


[7]. drawn 


Nu 2 + 0.392 Gr®-*> for 1 < Gr < 105 (8) 


where properties are evaluated at the film temperature. 
A tendency is seen for the plotted points to fall from this line 
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at Grashof number near 1, which seems to be consistent with 
Mahony’s equation [19] 


Nu = 2+ (Gre4) for Gr<l (9) 


where 0 means order of magnitude. 


Combined Convection 


For combined convection, it is usual to express the Nusselt 
numbers in a relation of Reynolds and Grashof numbers. But 
the method followed in this paper is a little different. 

Define: 


for forced convection Ng = 0.493 Re®* (10) 
(11) 


(12) 


for natural convection Ng = 0.392 Gr®-* 


for combined convection Nx = Nu — 2 
which defined numbers may be considered as Nusselt numbers 
dependent only on the convection current, apart from the 
molecular diffusion. 

Fig. 8 shows the results for the case of crossflow in which the 
mean of the measured values of Nx are plotted versus Nz with 
the parameter Ng. The line drawn through the origin at an 
angle of 45 deg represents Nx = Nx» which accordingly shows the 
case of forced convection only. Further, the difference of the 
ordinates between that line and the curve of constant Ng, which 
is Nx — Nr, shows the increment of value in the Nusselt number 
due to Ng, i.e., natural convection. 
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Fig. 9 Illustrations of heat-transfer formula 

The procedures to be followed for prediction of the combined 
natural and forced-convection Nusselt number is illustrated in 
Fig. 9 and the formulas in the next section. 


Procedure for Cross and Parallel Flows 


Fig. 9(a) illustrates the application of the following procedure. 
There are three fundamental quantities, A, the increment of Nx 
at Ne = No, AR the increment in Nx due to the effect of Ng 
when Ng > Ng, and AG the increment in Nx due to the effect 
of Na when Na < Ng. The empirical formulas for the two cases 
of cross and parallel flow: 

for Nr > Na, Nx = Ne , AR 
for Nr . Na, Nx = Na + AG 
where 


AR = A, exp 
AG = Ay exp 


[—n (Na — No) 
—m (No — Na)) 
(14) 
Ay = (Nx — Nx) at Na = Na, as shown in Fig. 9(a) 
Ay , n, and m are tabulated in Table 3. 


Although this deduced equation mathematically shows Nx > 
Ng at Nz = 0, its use may be allowed because the magnitude of 


Journal of Heat Transfer 





N6=0.392 GrO25 























2 3 
NR=0.493RE°5 


Fig. 10 Heat transfer in counterfiow 


AG is small there and the results agree satisfactorily with experi- 


ment. In the region Ng < 1.7 and within an error of 5 per cent, 
Nx = Ne for Nr > No 


and (15) 


j 
| 
\ 
Nx = Noa for Nr < No } 


and further, for the region Ng > (3 or 4) X Ng, the effect of na- 
tural convection seems to be quite negligible. 


Procedure for Counterflow 


Fig. 10 shows the case for counterflow, where the origin is 
shifted for each value of the parameter Ng to avoid confusion of 
the figures. It is seen in the figure that minima occur near the 
point NR = Ng or where Re = 0.632 +/Gr. Further, it is seen, 
on comparing Figs. 8 and 10 or 4(a and c), that the counterflow 
values of A» are larger than those for cross and parallel flow at 
small Grashof numbers and conversely, they are the smaller 
values at large Grashof numbers. This seems to be consistent 
and expresses the experimental fact of difficulty in keeping a 
thermal balance with natural convection in counterflow at the 
larger values of Grashof numbers. 

Fig. 9(b) illustrates the application of the following counterflow 
procedure for the region 


Table 3 Values of A, n, and m 


Range Ao n m 
: = : 0.257 0.693 1+ 0.011 Neg 
oss y iVG 2 r ; — 
Crossflow 7>No>32.6 “nN, STOSNe T1+01Ne) 
Ng <2.56 0.0154 18/Ne* 47/No* 
No* 


37/No‘ 


Case 





G 
Parallel Ne <2.56 0.0192 
flow No* 


15/No* 
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1.1 < Ng < 2.56 


> 1.1 Ng, Nx = Na + AR where 


0.27 N = V 1.1 No) 
—U.2i No ex - m € J — 1LINg 
‘ exp (No —- 1) R ) 


< Na, Nx = Ne + AG where 


—0.2 Ng exp [—24 (Ne — Nr)*) 
Nr nn l l Neo 


Nr —N 


G 
(Ne. — N 
axe” 


+ Ne 
where N x; and N xo are defined in Fig. 9(b). 
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APPENDIX 
Approximate Theory on Heat-Conduction Loss in the Wire 


Consider a fine wire having a uniform cross section and semi- 
infinite length kept with one end at a constant temperature f and 
transferring heat to an ambient fluid at the temperature 

— 
(17) 


t, = te ™ 


It can be easily shown that the temperature and heat loss in the 
wire are given by 


- (r%e— 8% — B%e—**) (18) 


GW = ly VhPk,A, 


9) 
+B (19 
where 8? = h P/k,, A,; =z is measured along the wire; h, P, A,, 
k,, are the heat-transfer coefficient, perimeter, cross-sectional 
area, and thermal conductivity of the wire, respectively. 

Assuming that the local Nusselt number on the sphere at the 
position of the wire is equal to the mean value? [2, 9] rt may be 
put as 


rt = Nu/D (20) 


Then the ratio of heat-conduction loss for two wires to the heat 
transfer from the test sphere is approximately expressed by 
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tal ke VeNu D, 
qd r+BYk, Nu OD, 


- (21) 
where the subscripts w, s, and a refer to the wire, sphere, and air, 
respectively. 
If we assume [20] k, = 12.1, k, = 0.0155, and 
Nu,, = A, D,/k, = 0.32 + 0.43 Re,°-5? (22) 
then the foregoing equation (21) takes values nearly twice those 
determined by experiment. If the flow is like Stokes’, it is clear 
that the foregoing calculation, in which the velocity was assumed 
to be uniform, will overestimate these conduction losses. Thus, 
from this solution, it is seen that the heat loss in the wires is 
almost accomplished in the thermal boundary layer of the test 
sphere which has a warming effect on the wires of r/(r + 8), 
about 0.5. 


2 This ambient fluid-exponential temperature distribution is arbi- 
trarily selected as an approximation of the fluid temperature in the 
boundary layer of the sphere where the wires are attached. Note 
that in the boundary-layer region at the surface z = 0, —kg(dta/dzr)o 
= koto = h(to — ta) = hto(1 — e177) = hte, sothat r = h/kg=Nu/D. 
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presented. 


Near the Critical State in 
a Natural-Circulation Loop 


An experimental investigation of heat transfer to Freon 12 in the critical region was 
A closed natural-circulation loop was used. 
Separate equations are presented for reduced volumes less than one and for 
reduced volumes greater than one. 


Correlation of the data is 


The investigation covered a range of temperatures 


from 150 to 400 F and pressures from 500 to 950 psi. 


SL weiiiinebe of the phenomena of heat transfer 
near the critical state have indicated that large values of the 
1, 2 
[1] have established the heat-transfer 


heat-transfer coefficient may be expected in this region 
and Welch 


characteristics of water operating under forced convection in the 


Dickinson 
critical and supercritical regions. They found that for tempera- 
tures below 660 F their data could be correlated by the con- 
ventional relation 


ne ud \°* eS Oo 
ae = 0.023 (a ( ph 
k be k 


For surface temperatures above 800 F they found that their data 
could be correlated within 10 per cent by 


’ 
Sst = = (0.00189 
Cpu 


The authors were unable to obtain a correlation in terms of 
dimensionless groups for the critical region (650 to 800 F 
instead, they presented plots of the heat-transfer coefficient h 


as a function of the surface temperature of the heat-transfer tube 


In these plots the values of the heat-transfer coefficient become 


very large as the critical temperature is approached. The 


authors present data for pressures of 3500 and 4500 psia and for 


1 Numbers in brackets designate References at end of paper. 


Contributed by the Heat Transfer Division and presented at the 
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Statements and opinions. advanced in papers are to be 


Annua! Meeting, 
1959, of Tue 
Note: 


understood as individual expressions of their authors and not those 


received at ASME Headquarters 


Paper No. 59-—-A-142. 


of the Society. Manuscript 
December 23, 1958. 


both these pressures the large increase of the heat-transfer co- 
efficient is present although it is more pronounced for the 3500- 
psia points. 

Doughty and Drake [2] have investigated free-convection heat 
transfer from a horizontal platinum wire to Freon 12 near the 
critical state. They found that in the superheated-vapor region 
away from the critical state their data could be correlated within 
In the 
critical region they found that the heat-transfer coefficients in- 
crease tenfold. Their results were presented as functions of 
reduced volume and reduced pressure defined by 


15 per cent by the curve recommended by McAdams [3]. 


Reduced volume = v/v, 


Reduced pressure = p/p, 


Within three per cent of the critical reduced volume they found 
that the heat-transfer film increases apparently 
without limit. This same increase occurs within a range of 
approximately one per cent of the critical reduced pressure. 
Schmidt, Eckert, and Grigull [4] investigated the heat-transfer 
characteristics of ammonia operating near its critical state in a 
natural circulation loop. They defined an apparent thermal 


coefficient 


conductivity by 


4q 1 


ri wd*At, (1) 


ind expressed this quantity in terms of dimensionless parameters 


related to the physical system. Their expressions were: 


Laminar Flow, 


k,/k = 1/64(Gr,)(Pr)(y/d) 


a 





Nomenclature 
specific heat capacity at constant 
pressure, Btu/lby-deg F 
a diameter, ft 
gravitational constant, ft/hr?® 
heat-transfer film coefficient, Btu / 
hr-ft?-deg F 
thermal conductivity, Btu/hr-ft- 
deg F 
apparent thermal conductivity de- 
fined by equation (1), Btu/hr-ft- 
deg F 


1/; circumference of test loop, ft 


1/deg F 
= length of test section, ft 
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pressure, consistent units 

heat flow per unit time, Btu/hr 

temperature, deg F 

bulk temperature, deg F 

surface temperature, deg F 

velocity, consistent units Nu 

specific volume, ft*/Ib 

vertical distance between center of 
test section and center of heat 
exchanger, ft 

volume coefficient of expansion, 


density, consistent units m= 
dynamic viscosity, lb/hr-ft w 


Dimensionless Group 


Gr, = Grashof number, 


gd °8 mp? At, b 
2 


gd*B prt, — tyave 

we? 
Nusselt number, hd/k 
Pr Prandtl number, C,u/k 
Re Reynolds number, pud/u 
St = Stanton number, h/C,up 


Gr, 


Subscripts 
6b = 
c= 


bulk conditions 
critical conditions 
mean conditions 
wall conditions 
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Turbulent Flow, 
k,/k = (Pr)(Gr,)‘7 (y/l(0.316)~ ‘7 (1/d) (3) 


These expressions show that the apparent thermal conductivity 
should become extremely large as the critical state is approached 
since both the specific-heat capacity and the volume coefficient 
of expansion become very large in the critical region. An experi- 
mental verification of this was given in reference [4]; however, 
the authors were not able to verify the exactitude of their an- 
alytical expressions due to a lack of adequate property data. 

The experimental results of references [1] and [2] may be 
explained by a brief qualitative discussion of the critical state. 
According to reference [5] it is not clear whether one should 
speak of a critical state or a critical region. In the discussion 
in this paper the critical state will be considered as the point 
where the properties of the liquid and vapor phases of a substance 
have identical properties. This is the state where the surface 
tension of the meniscus separating the liquid and vapor phases 
vanishes. 

In the regions having pressures lower than the critical value, 
boiling may take place. Boiling usually originates with the 
formation of small vapor bubbles on the heat-transfer surface. 
After these bubbles are formed they may interact with neighbor- 
ing bubbles until they are eventually dissipated into the body of 
the fluid stream. The greater the surface tension the greater may 
be the size of the bubbles. The greater the size of the bubbles 
the less the freedom of movement of these bubbles; the less the 
freedom of movement, the smaller is the rate of energy or heat 
transfer. 

As the critical point is approached the surface tension de- 
creases. With this decrease in surface tension, smaller bubbles 
which disseminate very rapidly are formed on the heat-transfer 
surface. At the critical point the surface tension vanishes 
and hence a very large number of bubbles is formed which have 
a correspondingly rapid dissipation into the body of the fluid 
stream. Therefore very high heat-transfer rates may be expected 
in the immediate vicinity of the critical state. 

If a large quantity of energy is removed by the fluid stream its 
caloric properties will be changed appreciably so that it would not 
be possible to operate exactly at the critical point. Therefore 
the heat-transfer rates near the critical state will depend, to a 
certain extent, on the total quantity of energy removed from the 
heat-transfer surface. 

While the investigations just described have yielded valuable 
qualitative and quantitative information as to the heat-transfer 
trends to be expected in the vicinity of the critical state, it was 
felt that more information was needed regarding the quantitative 
behavior of a system operating in the critical region in terms of the 
significant physical parameters. 

A natural-circulation loop similar to the apparatus of reference 
[4] was constructed using Freon 12, dichlorodifluoromethane, as 
the heat-transfer fluid. Freon because of its 
pressure, nontoxic 
character, and the availability of data on its thermodynamic 


12 was chosen 


relatively low critical temperature and 


properties. A schematic of the test loop is shown in Fig. 1 and a 
photograph of the test setup is shown in Fig. 2. A photograph of 
As shown, the fluid is heated 
in the test section and rises in the left side of the loop. Corre- 
spondingly, the fluid is cooled in the heat exchanger and falls in 
the right side of the loop. Hence a circulation is established 
because of the buoyancy forces due to the temperature difference 
on each side of the loop. 


the test section is given in Fig. 3. 


The test section and loop were constructed of AISI Type 304 
stainless-steel tubing having a 0.500-in. OD and a 0.430-in. ID. 
The test section was heated by passing an electric current through 
the tube, and the power input was manually controlled with an 
induction voltage regulator on a General Electric testing trans- 
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SECTION 
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Ne 


Fig. 1 Schematic of natural-circulation loop 











former. Facilities were provided so that the temperature of the 
fluid at the entrance to the test section could be controlled 
manually through the water valves to the heat exchanger or by 
means of an electronic controller and a motorized valve. The 
pressure in the system was governed by the total mass of fluid 
in the system and the average fluid temperature. The total mass 
of fluid in the system was constant for each run. 

The outside wall temperatures of the test section were obtained 
by measuring the outputs of No. 30 gage iron-constantan thermo- 
couples which were spot-welded to the surface. The fluid bulk 
temperatures at inlet and exit to the test section were measured 
with a '/,s-in-diameter thermocouple probe. The outputs of the 
tube-wall thermocouples were measured with a multipoint tem- 
perature recorder and the outputs of the bulk-temperature 
thermocouples were measured with a Rubicon precision potenti- 
ometer. The power input to the test section was measured with 
appropriate electrical instruments having an accuracy of one 
quarter of one per cent. 

The flow rate of the fluid was measured by observing the 
differential pressure across a calibrated venturi. A venturi 
method of flow measurement was preferred because other methods 
would cause an appreciable pressure drop in the loop that would in 
turn directly affect the heat-transfer rate. The differential 
pressure across the venturi was measured with a Barton differ- 
ential-pressure gage. The system pressure was measured with a 
Heise bourdon-tube pressure gage. 

Thermodynamic properties of Freon 12 are given in reference 
(6]. The critical constants are: 

t, = 233.2 F 


Pp. = 596.8 psia 
v, = 0.02870 lb/ft® 


Theory of the Thermal Syphon 


Considering the forces acting on a fluid element, the u iving 
pressure due to the buoyancy forces is 


dp = gpBdtdl (4) 


This pressure is balanced by the frictional resistance of the tube 
which may take one of two forms depending on the flow phe- 
nomena: 


For laminar flow, 
64 pul 
| x d? 


Transactions of the ASME 


(5) 





-» 
fos. 
a 


elit a 
k 


» 
§ 


For turbulent flow, 

a ~1/,, Purl 
AP, = (0.316 (Re)~/*] r 
This balance assumes that pressure changes due to changes in 
momentum are negligible and holds only for regions of operation 
where single-phase flow persists throughout the loop. ‘The heat 
absorbed by a fluid element in the test section is given by 


dq = pl wd?/4) uC, dt, ‘ 
One may define a heat-transfer coefficient in the conventional 
manner by 


q 


 wdldty — tyave 


After some algebraic manipulation the average heat-transfer 
coefficient for the heated section may be expressed by 
16 yw uv, 


—=— 1.) 
y B,d(t, — t, hs 


for laminar flow and 
0.079 (Re) °/* uipC 
y By, (te — ty ave 


* (t/l,) 


for turbulent flow. 

The expressions for the heat-transfer coefficient may be reduced 
to dimensionless form by introducing the Nusselt, Reynolds, 
Prandtl, and Grashof numbers. Thus 


Nu = 16 (Re)\Pr)(Gr,)~(l/l,(d/y) (11) 
for laminar flow and 
Nu = 0.079 (Re)"/* (Pr)(Gr,)~\(I/l,d/y) 


for turbulent flow. 
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Fig. 3 Test section 
While it is clear that the apparent thermal conductivity 
defined in reference [4] should become very large as the critical 
state is approached, the trend of the heat-transfer coefficient is 


not so apparent. Since the heat-transfer coefficient is a function 
of the ratio C,/8,, and both the specific heat and the volume 
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Fig. 4 Specific heat of superheated vapor Freon 12 
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coefficient of expansion become extremely large in the immediate 
vicinity of the critical point, an analysis of the heat-transfer 
behavior must involve a comparison of the rates of change of 
these two properties as the critical state is approached. The 
property data are not sufficiently accurate to make this com- 
parison. Therefore, as in many cases, the problem reduces to 
one which must be solved by experimentation. 

In equations (11) and (12) the thermal-syphon effect is de- 
scribed in terms of mean property values which are conveniently 
evaluated at the arithmetic bulk This 
that the property linear 
variation in the region in question 


mean temperature 


evaluation assumes values follow a 
Of course, this is not entirely 
correct, but in the region near the critical state the bulk-tempera- 
ture difference for a given heat input, which is not too large, is 
small so that a linear relationship may be assumed. In the 
superheat region away from the critical state the bulk-tempera- 
ture difference would be larger but in this region the property 
values are very nearly linear so that the assumption still seems 
valid. The assumption is certainly valid within the accuracy of 
the property data. The specific heat and volume coefficient 
of expansion for Freon 12 are plotted in Figs. 4 and 5. The 
values were obtained from reference [6] 


Experimental Procedure 


Before beginning the experiments the entire apparatus was 


charged to 900 psia with compressed air and allowed to stand 
for three days. No variations in pressure were observed other 
than those which could be attributed to changes in room tem- 
perature. It was therefore concluded that the apparatus was 
tirtight 

Che system was then evacuated by connecting it to a vacuum 
pump and the pump was allowed to run until an absolute pressure 
of 60 microns was established in the test setup. 

The apparatus was charged with an arbitrary quantity of fluid 
xy heating the Freon 12 supply tank so that the saturation 
pressure in the tank was greater than the saturation pressure 
corresponding to the temperature of the loop. 


The tempera- 
ture of the loop was room temperature when no power was 
applied. For the room temperatures involved, the saturation 
pressure of Freon 12 is about 85 psia. It was usually sufficient 
to heat the supply tank to a point such that a pressure of 100 
established in the This insured 


system was charged entirely with liquid Freon 12 


pela was system that the 


After the system was charged, power was applied to the test 
section and a cooling-water flow was maintained to establish a 
particular test-section inlet temperature. Runs were made with 
a constant charge in the apparatus for several different inlet 
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Fig. 5 Volume coefficient of expansion for superheated vapor Freon 12 


350 


temperatures to the test section. The procedure was repeated 
for successively smaller charges by bleeding part of the Freon [12 
back into the supply tank. For each constant charge in the loop, 
different power inputs were used with variations in the inlet 
temperature to the test section 

In the regions close to the critical state, fluctuations in pressure 
on the order of 20 to 30 psi were observed. Accompanying these 
vibration of the test apparatus 
When the rate of cooling water was increased so that the pressure 
in the apparatus was reduced, the fluctuations subsided; how- 
ever, if the cooling-water flow rate was decreased or the power 
was increased the fluctuations became more severe and did not 
subside until the pressure had risen well above the critical value. 
In many instances the pressure fluctuations did not subside until a 
pressure of 750 to 800 psia had been attained. 

The instability of operation in the vicinity of the critical point 
was attributed to the rapid change of properties in that region. 


Reduction of Data 

Since the analytical work yielded expressions based on an 
average value of the heat-transfer coefficient, the coefficient was 
evaluated from the experimental data by 


fluctuations was an intense 


q ‘ 

= 13) 
wd lit, — tyave 

With the assumption of uniform heat generation, no axial heat 
flow, and a linear variation of electrical resistivity and thermal 
conductivity of the tube with temperature, the method of Kreith 
and Summerfield [7] was used to obtain the inside tube wall 
temperature from the measured outside wall temperature. An 
integrated average was taken to obtain (t,, — ty)ave- 

No information was available on the thermal conductivity and 
viscosity of Freon 12 for the extended temperatures and pressures 
used in these tests. However, it was believed that estimated 
values of the thermal conductivity and viscosity could be used to 
verify the analytical work provided the estimates were consistent 
throughout the range of the tests. Consequently, the viscosity 
and thermal conductivity were calculated with the aid of the 
generalized correlations of 


references [8 and 9%]. To use 


these generalized correlations it is necessary to have the variation 
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Fig. 6 Correlation of experimental data for v,.,/v 


of the properties with temperature at one atmosphere pressure 
The viscosity and thermal conductivity of Freon 12 at on 
atmosphere are given in references [10 and 11], respectively 

The accuracy of the generalized correlations is, of course, not 
known. Near the critical state they could be in error by as much 
as 100 per cent. However, the consistent estimates given by the 
generalized correlations are certainly better than nothing at al! 


Test Results and Correlation of Data 


A summary of the test results is given in Table 1. For all the 


tests the fluid was in turbulent flow; therefore one would expect 
the experimental data to follow the form of equation (12). Figs 
6, 7, and 8 show that this expectation is justified. The values of 
the constant factors in equation (12) are: 
i = 109.3 in 
l, = 25.25 in 


d = 0.430 in 
y = 37.0 in 


| the correlation 
Nu Gr, 


Pr 


For the regions v,, 
= 0.00056 (Re)? 


is obtained and for the regions where v,,/v, > 1 the relation 


Nu Gr, 


Re)''/« 15 
Pr 


= 0.00494 


is obtained No data points are shown for pressures and tem- 


Table 1 Summary of test data (118 runs) 


Test variable 
Bulk temperature, ¢, 
Pressure, P... 
Reynolds number, Re 
Heat flux. 

Grashof number, Gr, 


Range of tests 
. 150 to 400 deg F 
500 to 900 psia 
15000 to 200000 
10000 to 42000 Btu/hr-ft? 
2.38 xX 107 to 3.2 X 10 
(approx ) 
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Fig. 8 Comparison of experimental correlations with analytical pre- 
diction 


peratures where boiling could have occurred in the apparatus. 
Fig. 8 shows a comparison of these two expressions with the 
snalytically predicted correlation. The two different correla- 
tions depending on the value of the reduced specific volume may 
be justified on the basis that the viscosity and thermal conduc- 
tivity change abruptly across the critical region. It is believed 
that errors which may be present in the generalized correlations 
could easily account for the difference between the two correla- 
tions. 

For reference purposes Fig. 9 shows the inadequacy of the 
conventional forced-convection relationship 


Nu = 0.023 (Re) &Pry-* (16) 


to predict the heat-transfer behavior of the natural-circulation 
system. In connection with this figure it is well to note that the 
natural-circulation loop is not a conventional foreed-convection 
system since the flow rate is not independent of the heat-transfer 
rate as is normally the case. 

Fig. 10 is a plot of selected values of the apparent thermal 
conductivities. The trends on the curves in the supercritical 
region agree with the trends presented by Schmidt, Eckert, and 
Grigull [4]. The boiling trend is shown for the subcritical 
Fig. 11 is a plot of selected values of the average heat- 
transfer coefficient. In this figure the influence of boiling at pres- 
sures below the critical value is very pronounced. 


pressures. 
For super- 
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Fig. 9 Plot of experimental data showing inadequacy of conventional 
forced-convection relation to predict behavior of natural-circulation loop 
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Fig. 10 Plot of selected apparent thermal conductivities 


critical pressures the course of the heat-transfer coefficient curves 
is very nearly constant it is well to mention that Figs. 
and 8 do not data points for regions where 
boiling was encountered 


Again 
include any 


‘ -~ 
m» Os 


Perhaps the most important result of the experiments is, that 


for a natural-circulation loop, one does not experience any 
sppreciable increase in the heat-transfer coefficient when operating 
near the critical state, provided boiling is not encountered. In 
sonnection with this result it may be presumed that the rates 
of change of the specific-heat capacity and the volume coefficient 
of expansion in the critical region are relatively equal. It is 
believed that the disagreement in the level of the experimental 
correlations and the analytical relation may be attributed to un- 


certainties of the property data in the critical region. 


Conclusions 


In consideration of the 
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Fig. 11 Plot of selected average heat-transfer film coefficients 
properties near the critical state, the results of the experimental 
data have shown that equation (12) may be used to predict the 
heat-transfer characteristics of a natural-circulation loop using a 
fluid operating near its critical state. The test results show that 
there is no appreciable increase in the heat-transfer coefficient 
in the critical region over that experienced in the superheat, region. 
Although this result may at first seem to be a contradiction of the 
results of other investigators [1, 2], it has been shown that this 
disagreement is a logical consequence of the fact that the fluid- 
flow rate in a natural-circulation loop is dependent on the heat- 
transfer rate. 

The trends of an apparent thermal conductivity defined by 
equation (1) are in agreement with the results of reference [4]. 
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Combined Free and Forced-Convection 


PAU-CHANG LU? 


Gradvate Assistant, 

Department of Mechanical Engineering, 
Case Institute of Technology, 
Cleveland, Ohio 


Heat-Generating Laminar Flow Inside 
Vertical Pipes With Circular Sector 


Cross Sections 


Combined free and forced-convection, heat-generaling laminar flow inside cylindrical 
pipes with elements parallel to the direction of the generating body force is solved by 
applying the finite Fourier sine transform and finite Hankel transforms when the 


cross sections of the pipes are circular sectors. 


A numerical example is provided to 


show the effects of various parameters 


on FREE-CONVECTION effect in vertical pipe flow 
has recently become quite significant in a number of engineering 
applications. The modifier ‘‘vertical’’ here is employed to mean 
that the longitudinal dimension of the pipe is parallel to the direc- 
tion of the generating body force, such as gravity or centrifugal 
force. In response to practical demands, a number of theoretical 
investigations have appeared in the literature: Ostrach [1, 2, 3, 4, 
5}* and Lietzke [6}) have obtained solutions for parallel-plate 
channels in detail; Hallman [7] has presented results for circular 
pipes; and Han [8] has solved the problem for rectangular pipes 
by the classical Fourier method. This last problem in a more 
general form has been solved by means of the double-finite Fourier 
sine transform [9]. Results for circular annuli have been worked 
out in reference [9] as straightforward generalizations of those 
for circular pipes. 


1 Based partly on a thesis submitted in partial fulfillment of the 
requirements for the degree of Master of Science at the Kanaas State 


College. 


2? Formerly Graduate Research Assistant, Department of Mechani- 


cal Engineering, Kansas State College, Manhattan, Kan 
* Numbers in brackets designate References at end of paper. 
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Nore: Statements and opinions advanced in papers are to be 


understood as individual expressions of their authors and not those 
Headquarters, 


of the Society. Manuscript received at ASME 


August 17, 1959. Paper No. 59—A-145. 


In this paper, only the problem with prescribed wall tempera- 
tures is considered. After a summarizing presentation of the 
governing equations and boundary conditions valid for any shape 
of cross sections, the problem is solved by means of the finite 
Fourier sine transform and finite Hankel transforms when the 
cross section is a circular sector. 


Formulation of the Problem 


The Governing Equati and B dary Conditions. To formulate 
the problem, a general cylindrical co-ordinate system is estab- 
lished as shown in Fig. 1. The pipe wall is cylindrical with ele- 
ments parallel to the direction of the generating body force. If, 
in addition to this characteristic, further assumptions are intro- 
duced that 





(a) The flow is steady, laminar, and fully developed; 

(6) the fluid is quasi-incompress‘ble with constant c,, ¢,, HM, 
and k; 

(c) the energy dissipation is negligible; 

(d) d7'/dz = constant = A; 
the equation of continuity, together with the fact that 


w = w(x, 22) only, 


p ff wdo = constant mass through-flow = g; 
s 





Nomenclature 


oT /dz 
JOYA R,t, m 
om YAO) J ARE, / 


(- Pr )" Iid* 
e,KT y, pn’ 


less pressure-gradient 
I 
rameter K 
Prd? \'? I. | ; 
a —, dimensionless 
c,K 4A bu y 
pressure-gradient parameter Mis 


Qa/kA, 


dimension- 


pa- I Gf, 


constants K4 

specific heat capacities at con- 
stant pressure and volume 

hydraulic diameter of the pipe be 


Journal of Heat Transfer 


Qd*/kT y,, dimensionless heat- 

source term 
dimensionless 
source term 


body force per unit mass 
g, dimensionless mass 


through-flow 
mass through-flow 


, dimensionless mass 
through-flow 


Bf T yd? 
ee - “— Grashof number 


pBf,Ad* 

tt oT 
number 

Bessel function of first kind, vth 
order 


Bf ,d 
yra( %), dimensionless 


? 
parameter 


thermal conductivity 
ia,( 24), 
Cy 
parameter 
1, 2, 3, ete. 


(Continued on next page) 


modified Grashof 
heat- 


dimensionless 
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di, f 











Fig. 1 Co-ordinate system 


the Navier-Stokes’ equations assume the form 


dp ; 
uV*w — (p — pre = 5 + Prob, (3) 
where py, is p evaluated along an element Ty of [; and the energy 


equation becomes 
pe,Aw = Q 4 kv? (4 


Equation 3) can be further reduced to 


uV*u t pbf,0 = |] 


for the following three cases [1]: 


1) Temperature differences in the whole region are 
b) the fluid is a liquid with pB = constant 


small ; 


c) the fluid is a perfect gas and the pressure differences in the 
region are small. 


For each case suitable average values of p, 8, and/or p§ are to 
De x lec ted 


From equations (4) and (5) 9 or w can be eliminated to vield, 


respec live ly 


Sf 
w= : -O 


v: p*of,c,A 
*W 
ph uh 


Nomenclature 


2 J 


pk pk k 


and 


ve + 


The two principal boundary conditions used are the nonslip 
condition at the wall, 


w = O0onr (8) 
and the thermal condition at the wall, 
6=0r on T 
=@0 on Ty 


Using equations (4) and (5), respectively, conditions (8) and (9) 
may also be written as 


on T (10) 


Q 
9a — 
v k 


Vw = 


. (II = pBT A, pon r 
fod 


on ro 


With these boundary conditions w can be solved from equation 
(6); and then @ from equation (5). Or, 9 may be found first 
from equation (7), and then w from equation (4). The pressure- 
gradient II involved in the results can be expressed in terms of 
the known mass through-flow g, using equation (2). 

When A = 0, equation (10) holds in the whole region because 
of equation (4); and hence becomes meaningless as a boundary 
condition. Here @ can be solved from equation (4) with the 
boundary condition (9), and then w can be found from equation 
(5) with the boundary condition (8). Or, w can be found from 
equation (6) with boundary conditions (8) and (11), and then @ 
from equation (5). 


WN. di 4 Siw enti, 





In order to nondimensionalize the prob- 
lem, the hydraulic diameter d of the pipe is used as the charac- 
teristic length. When A # 0, (c,K,Ad/Pr)'/* and Ad are used 
as the characteristic velocity and temperature, respectively. 
When A = 0, (c,KTp,/Pr)'/* and Tp, are used. In this manner, 
the foregoing equations and conditions, grouped together for 
quick reference, are rewritten in dimensionless forms as follows: 


a) A 
cc ff rm 


an 





1, 2, 3, ete 
iverage Nusselt number as de- 
fined in equation (29 
average Nusselt number as de- 
fined in equation (28 
pressure w 
particular integral of a 
homogeneous linear ordinary Pr 
differential equation 
pe,/k, Prandtl number 


heat-source term, independent w 


normal wall heat flux 


of z (sede 


positive Pr 
inward 


r d, dimensi ynless 


axial velocity 


two-dimensional radial co-ordi- 
nate 
Ra Pr Gr/y, Rayleigh number 
Ra, = Pr Gr,/y, 
number 


general 
nates 


mm dified Ray leigh 
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two-dimensional 


tigated 
length along a curve in S 


absolute temperature 


hon- (CATS 


velocity 


velocity 


as defined 
(51), (66), and (67) 


curvilinear 


inves- Bessel function of second kind 


(Weber), vth order 


region 


axial co-ordinate 


thermal coefficient of volu- 
metric expansion 
dimensionless A reference element 


of it is denoted by T> 


pipe wall. 


ratio of specific heat capacities 
two-dimensional Laplacian 
v’V? 

positive roots of J,/ Ryn, m) =0 
Z 3 Tr, 


r)/r;, dimensionless 


dimensionless 


dynamic viscosity 
na /® 


positive roots of By Ry£,.m = 0 


in equations (50), 


co-t yrdi- 


(Continued on nert page) 
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Wa = QonT 


VW, = C, — tavronl 


Cc 


V*Watt, = Cy 


V‘t, + Ra,t, Ra,C, 
T, = Tar on T 


=@Q on 


V7, = —F, on r 
Ra,W, = F, + V*r, 


OonT 


W =O0onDr 


TW =F 


W =0OonT 


'_— Tr on r 


on T) 


TWir=C 


Either of the two groups in each of the foregoing cases may be 


{ V‘W, + Ra,W, = F, 


A on Ty | 


Ra,G, — ff F dé 
[40 ee — (28) 
g 2 


ff v2 


- 8 

ie all cera .. 
gas 
I 


which depend on known parameters only. Another often-used 
parameter is the mixed mean temperature 


Oy = ff owio/ ff wdo 


which can be nondimensionalized as 


Tau ™ ff T4W .d6/G, 
Ss 
Ty = ff tTWdé/G 


Analogy to Other Problems 


An inspection of equations (13) and (17) shows that they both 
ire analogous to the equation governing small deflections of a 
thin plate resting on an elastic foundation. If the boundary 
conditions happen to be analogous too, an exact similarity exists. 
When A = 0, equation (26) shows an analogy to the theory of 
thin plates not on elastic foundation.‘ The exact (velocity-to- 
temperature) analogy to pure forced-convection flow in this 
latter case is obvious. 


Pipes of Circular Sector Cross Sections 


teferring to Fig. 1, T in this case is composed of two radial 
lines, 6 = 0 and @ = ®, and two circular ares, r = r; andr = 
= \r;. Since the hydraulic diameter is 


OF = 1)@r, 


chosen as the working equations. The first groups are used in A dol al . (XY + 1)® 


the present investigation 


Heat-Transfer Parameters. After the velocity and temperature 


distribution are known, the local heat fluxes and various heat- 


transfer parameters are easily obtainable. 
Nusselt numbers may be defined as 


Nomenclature 


Specifically, averag: 


the dimensionless radii are 


‘ Several special cases have actually been solved by observing these 
analogies [9] 





dp . 

- + pr f,, pressure-gradient 
dz 

parameter 


density 
summation over all 7,..8 or 


& m's 
area in region S 
= 6/Ty,, dimensionless tempera- 
ture difference 
6/Ad, dimensionless tempera- 
ture difference 
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angular measurement of a sec- Subseripts 

tor I = on inner wall of a ring sector 
two-dimensional angular co- M mixed mean value 

ordinate m 1, 2, 3, ete 
finite Hankel transform defined = onl 

by equation (47) on I ® 

on outer wall of a circular sector 
= on wall @ = ® 
. , = on ws = 
finite Fourier sine tranform de- . ll@ = 0 


fined by equation (46 Superscript 


finite Hankel transform defined 
by equation (63 


V,[¥ 5 — dimensionless quantity, applied to s, 


V,[¥.( )] V, anda 
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For a full sector, 


(35) 


When ® = 2m the circular sector becomes an annulus or circle, 
plus one radial line. When ® is small enough, the sector may be 
used to approximate a narrow isosceles trapezoid or triangle. 

Choosing (R,, 0) as To, the following working equations are 
obtained: 


a 4 #0 


® PR, 
Gg, % f. f W,R dR de 
0 Ry 
°? 


1 Oo o ] 3 
?— +—- W,+Ra,W, =F 
| R dR oR” R =) as a 


W, =OwhenR=R, R $ 


1 Oo Pe) 1 3? ’ ) 
R + “)M , 
R oR OR R? dd? | 
| 
C, — Taf) when R = R, | 
C, — Tad) when R = R) ( 
= C, — Ta(R) when d = 0 
= C, — T4e@(R) when @ = ® j 
1 oO? 


aR t 22 ) Watt, = Cy 


d¢?, 


*(” wrara 
= f, | 2 dR de 
) l 


3? 
R - — )r + F =0 
oR R?* d¢? 


when R = R, | 
when R Ry 
when @ 0 

when @ = ® 


= To) 
Tr) 
TAR 


§ 
| 
) 


1 oO? , 
- W+re=C 
22 Dg? 


U when R . = Ry, 


(44) 
@=0ord = @®@ (45 


Solutions 
Case i—Ring-Sector Cross Sections: 


(a) A #90 


Applying successively the single Fourier sine transform* 


> 
[ (...) sin me ae 


* Chapter 3 [10]; and Part B-V [11]. 
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V,(...) = 


. 
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and the finite Hankel transform' 


Ry 
¥,(...) -f 
Rr 


to equation (37) and boundary conditions (38) and (39), the 
velocity distribution is found to be* 


(. . )BARE,.m)R dR (47) 


? ae ym JX Ranks. mV sol W 4) : nap 
wa ® 2, > JAR peo.m) — Ie Robo.) BARE,m) sin ® 
(») 





n=1 


(48) 


where 
V5(W,) = 


and 
‘y 


X, = V, \R? 


{l= (=1)"1C, — rae +(—D*ra0} > (80) 
2 Jatt — (—)*) JAR bm) — SARE s.m) 
i] v J ARy&o.m) 

JAR Kym) 
JAR Ey.m) 


XxX; = 


. WV (Tar) + Vara (51) 


The parenthesized v under the summation sign is used to empha- 
size the fact that v involves n 
Equation (40) then gives 


’ 7 = 
ES >> 
n=] ™ 


Ey.mJ (Rak, mV sal W,) 
J, Ryk>.m) _— J, Ryrgy.m) 





BARE, .m) 


rT 
x a 


b (52) 


The parameter C, is related to G, through equation (36). 
Thus, 


> 1 § mid y* Ry&, mV sh W,) 
n=1,3,5 m n J ARE a) > J, Ryb,.m) 





G, = 2n 


x f BARé,.m)R dR (53) 
Ri 


Once the velocity and temperature distributions are known, 
various heat-transfer parameters can be evaluated. For example, 
> Ty besten [Vs W,) |? 
JR, a) = J RyEo.m) 


1 ™ 


i, ® 





(54) 
n=l ™ 
(») 

where the orthogonality of B, has been observed. The deter- 
mination of Nu, as defined in equation (28) offers no difficulty. 


(6) A =0 


This is solved by employing the finite Fourier sine transform 
(46). The results are as follows: 


2< . nT 
da > V(r) sin me 
(v) 


(55) 


* W, can also be obtained by applying only the finite Fourier sine 
transform. The result will involve berry, beiy, kery, and kei,-functions. 
The present form is chosen because of the extensive tabulation of J, 
and Y» now available. Also in the present way the difficult task of 
finding the particular integral and integration constants is avoided. 
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where 


Vr) = C\R’ + C.R~’ + P, (56) 
The integration constants C; and C; are to be determined from 
the boundary conditions 
V7) = V(r; when R= R, 
(57) 
= V(7,) when R = Ry 
and the particular integral P, depends on the functional forms of 
To, Te, and Q.’ 


When 70, 7, and Q are all constants, 


{1 — (—1)*}FR* tT — (—1)"T@ 
P, = , ae 2) 
: viv? — 4) ’ v es 


_ Rtn R 
“= Fil — (—1)] 
8 


To — (—1)"%@ 


a 
2 


The velocity distribution is given by 


2< nip 
W = (W) sin —— 
$ > VW) sin S 


(v) 
where 


V .( W) = C;R’ + CR" + P; (60 


C; and C, are to be determined from the boundary conditions 
VAW) 


= 0 when R = R, or Ry (61 


The particular integral P; depends 
of To, Te, and Q. 


again on the functional forms 
When they are constants, 


eis waa 
C; 9 Fil —(—1) = |R* 
4(vy — 1) vv? — 4)(v? — 16 

t (1 — (—1)"]C — ro + (—1)"79}R? 

v(v? — 4) 

(vy # 1, 2, or 4) 

C; Fil — (—1)*)R* 

Rin R + on en 
2 45 

at — (—1)"]C — t% + 


2 
0 


(—1)"r@} R? 
Fil — (—1) "|R* In R 
96 


+ (—1)"*reiR*InR 


Fil ='{ 3 *|Rtin R 
384 
(=1)*]C — te + (—1)*re}R? | 


8 aia 


{tl — 


? The problem can always be solved, at least formally, by using th« 
finite Hankel transform without the necessity of determining P,, ( 
and C2. 
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The determination of G and the heat-transfer parameters is 
rather straightforward. Instead of presenting the general forms, 
it would seem to be better practice to work out specific cases in- 
dividually. 


Case li—Full-Secior Cross Sections: 


(a) A #0 
Applying successively the single finite Fourier sine transform 
(46) and the finite Hankel transform‘ 
Ry 
Vi...) = f, (..-)J ARn,.m)R dR (63) 
to equation (37) and boundary conditions on R = R,, the ve- 
locity distribution is found to be 


> 7 V5(W,) 


n=1 
(») 


2 ARM,.m) _. nap 


64 
- oa aX RyMy.m) aes ® (64) 


where 


WsAP,) — Xa — Xe 


VW.) = 


Ny.m* v Ra, 


= v,(2 { {1 — (—1)*}C, — Tao + (~0r48} ) 


C,{1 — (-—1)*] 
= Ryn, md v+i( Ry Ny.) gGall - : 


) > 7 Varedt 


Ny. m™ W 541 Ws 


JARn ™ 
Jrur% Ryn, =) 


. TQ 
; sin -— 
" @ 


Ry 
- f. JAR y.m)R dR 


(69) 


(68) 


Jiediienaa m) 


1 4 Ny.m® (Ys W,)}? 
=(C — ———— —= 70 
TaM a + G, BR, ey eT (70) 
(») 
(b) A = 0 
The results of Case I (b) apply here as well, except that, to have 
finite velocity and temperature at R = 0, C, and C, must be zero, 
while C, and C, are to be determined from 


V(r) = ¥<7) | 
V<W) =0 j 


Numerical Example 


To show the influences of various parameters, an example of 
intermediate difficulty is quoted in the following text. 

The case chosen is that of a full sector with ® = 60 deg. The 
heat generation is uniform and the wall temperature is peripher- 
ally constant; A being nonzero. The average Nusselt number 
based on the characteristic temperature Ad is simply 
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Fig. 2 Nusselt number for pipes of full-secior cross sections with = 
60 deg 


Nu, = 0.226Ra,G, — 0.250F , 
The relation between C, and G, turns out to be 


G, = 0.00193F, — 0.0388C, for Ra, l 


= 0 OOIS8F, — 0.0379C, for Ra, 10 


0.00182F, — 0.0368C, for Ra, 100 (73) 


0.00121F, — 0.0250C, for Ra, 1000 


0.000290F , — 0.00699C, 10000 


for Ra, 
A few curves calculated from the foregoing formulas are plotted 
to show the effects of C,, F4, and Ra, (Fig. 2). Some remarks 
First of all, whether C, or G, should be 
It is felt 
here that the value of C, somewhat characterizes the type of the 


seem to be in order here 
ised as the primary parameter is open to discussion. 

flow, while G, generally does not (except that G, = 0 may 
Second, 
> 0, large heat generation will reverse the direction of 


haracterize the important case of an enclosed cavity). 
when C, 
the flow and, eventually, the direction of the over-all heat trans- 
fer when Ra, becomes high enough. The intersection of the 
curves for F 4 0 and for F, = 
effects of heat generation; namely, the direct effect and the effect 
through Gs 


10 occurs because of the two 
lo calculate Nusselt numbers based on the mixed 
mean temper iture, equation (54 must be used 


when Ra, = lO and F, = 0, 


For example, 


Taw = 0.0238C, 


ind the Nusselt number based on T,4y is —3.59 for all values of 
C,. Finally, the solutions break down for the following values 
of Ra, 369.7, —4245, —6410, —7086, — 15440, — 19710, and 
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so on. The full significance of these critical Rayleigh numbers is 
not explored. 


Final Remarks 


From a mathematical viewpoint. the phenomenon of combined 
free and forced-convection heat-generating laminar flow inside 
vertical pipes is nothing but a two-dimensional boundary-value 
problem. When the boundary is a pair of parallel lines, the prob- 
When the 
boundary is a circle or two concentric circles, the problem is solved 
in terms of Bessel functions 


lem is solved in terms of elementary functions. 


For a rectangular or circular-sector 
boundary, the problem is solved in trigonometric series either by 
the classical Fourier method or by an equivalent method of in- 
tegral transforms. It might be expected that solutions be con- 
structable in terms of Mathieu functions when the boundary is 
an ellipse or two confocal ellipses. 

Owing to the parameters chosen, the present results necessarily 
exclude the case of pure forced-convection flow. But, starting 
from the dimensional equations, the same technique is still ap- 
plicable to this special case 
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On Combined Free and Forced 
Convection in Channels 


The heat-transfer problems of combined free and forced convection by a fully developed 
laminar flow in a vertical channel of constant axial wall temperature gradient with or 
without heat generations are approached by a new method. By introducing a complex 
function which is directly related to the velocity and temperature fields, the coupled 
momentum and energy equations are readily combinable to a Helmholtz wave equation 
in the complex domain. This greatly reduces the complexities of the problems. For 
illustrations, the cases of flows between parallel plates and in a rectangular channel are 
treated. It shows that this method is more direct and powerful than those of previous 


investigations. 


Introduction 


ROBLEMS OF HEAT TRANSFER in channels by means 
of free convection or combined free and forced convection have 
been the subject of investigations for many years. They are 
usually confined to the case of constant wall temperature. In 
recent years, due to some engineering applications in the fields 
of nuclear reactors, heat exchangers, and so forth, the problems 
have been extended to those with linearly varying wall tempera- 
ture or constant wall temperature gradient. 

Many recent analyses on combined free and forced convection 
with linearly varying wall temperature are focused on cases of 
fully developed flows. For flows in circular tubes with or without 
heat sources they have been treated by Ostroumov [1, 2],! Hamil- 
ton, et al. [3], Woodrow [4], and Hallman [5]; for flows between 


‘ Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4 
1959, of Tae American Soctety or MecHaANnicaL ENGINEERS 
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the Society. Manuscript received at ASME Headquarters, July 30 
1959. Paper No. 59—A-77. 


parallel plates by Ostroumov [1], Ostrach [6-9], and Wordsworth 
[10]; and for flows in rectangular channels by Han [11]. 

At first glance, this extension seems to be just a simple matter of 
changing the boundary condition of the temperature field. How- 
ever, from the mathematical point of view this is not so simple as 
we expect even in the simple case of a fully developed laminar 
flow, since the basic equations of momentum and energy are no 
longer uncoupled as in those of the constant wall temperature 
problem. The energy equation is not independent of the velocity 
field. This means that in order to study these types of problems 
with linearly varying wall temperature it is necessary to find the 
solution of a fourth-order differential equation which is obtained 
by combining the momentum and energy equations. This is, of 
course, much more complicated than the cases of a set of un- 
coupled equations, such as those of combined free and forced 
convection with constant wall temperature and those of forced con- 
vection alone. In the first case the energy equation is inde- 
pendent of the velocity field, while in the latter the momentum 
equation is independent of the temperature field. All previous 
investigators seem to have used a fourth-order differential equa- 
tion as their basic equation of the problem. 

The purpose of this work is to suggest a new method by intro- 





Nomenclature 
a, b = physical dimensions 
a, t: parameters defined by Equa- 
tions (45) 


parameters defined by Equa- = 


integration constants 


axial wall temperature gradi- 


aspect ratio of a rectangular 
channel 

coefficient of thermal expan- 
sion 


tions (53) 
gravitational acceleration 


= heat-transfer coefficient 
= thermal conductivity 
= reference length 


pressure 
heat-transfer rate 
hydraulic radius 


= temperature 
= reference temperature 


wall temperature 

dimensionless axial velocity 
= us/U,, 

velocity components 

mean axial velocity 

physical co-ordinates 

dimensionless co-ordinates 
= (2/1, 22/1) 

cross-sectional area 
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specific heat at constant 
pressure 

functions defined by Equa- 
tions (4) and (6) 

imaginary part of a complex 
function 

functions defined by Equa- 
tions (44) 

functions defined by Equa- 
tions (50) 

functions defined by Equa- 
tions (52) 

Nusselt number 

heat source intensity 


= Rayleigh number 
= real part of a complex func- 


tion 


= temperature difference = 


t—t, 
mixed mean temperature dif- 
ference 


-_ (Ra)'/* 
= functions defined by Equa- 


tions (25) 

functions defined by Equa- 
tions (29) 

functions defined by Equa- 
tions (32) 

dimensionless temperature 
difference = kT'/(pC,Ci 
Ul?) 

dimensionless mixed mean 
temperature difference 

e(/V2 

eigenvalues 

viscosity 

density 

density of fluid at the wall 

complex function = u + 
ie?6 

complex function = @ — @ 
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ducing a complex function whose real and imaginary parts are 
directly related to the velocity and temperature fields, respec- 
tively. In doing so, the coupled momentum and energy equa- 
tions are readily combinable into a single second-order differential 
equation. To be more exact, for the heat-transfer problems of 
combined free and forced convection by a fully developed laminar 
flow in a vertical channel of constant axial wall temperature 
gradient with or without heat generations the governing equation 
is expressible in the form of a Helmholtz wave equation in the 
complex domain. Since the equation is a second-order one, it 
greatly reduces the complexities of the problem and is more ac- 
cessible to many configurations which otherwise can not be easily 
solved by the usual mathematical techniques. 
This new method is more direct and powerful. 
velocity and temperature fields simultaneously. 


It gives the 
The individual 
solutions of these two fields and other solutions require the split- 
ting of some complex functions, which, in general, can be easily 
done by the use of some mathematical tables in the literature. 
Even in expressing the physical solutions in real functions from 
the original complex solutions, the present method is less com- 
plicated, particularly in cases where the cross section of the chan- 
nel should be specified by two space variables, such as flows in 
rectangular channels 

The first part of this paper gives the mathematical formulation 
of the method. The heat-transfer coefficient and the Nusselt 
number are then derived in terms of this complex function. For 
illustrations, two previously investigated problems of flows be- 
tween parallel plates and in a rectangular channel are treated in 
this paper by means of this complex function method. Finally, 
some discussions and conclusions of the method and its possible 
extensions are given in the last section of the paper 


Mathematical Formulation 


Consider a steady laminar flow of a liquid in a vertical channel 
with heat sources under the influence of combined free and forced 
convection. The basic conservation equations [12] in Cartesian 
tensor notation are 


) 


,= Pit 


BU; 5; 


pC ud , 


= kt, +Q 


< 


+ pg, Bit — to) (1) 


Here we have taken that all fluid properties are constant except 
the density in formulating the buoyant effect. Let the axis of the 
channel be in the z;-direction. Assume that the flow is fully de- 
veloped, which implies a rectilinear motion [13], and that the axial 


wall temperature variation is linear. These conditions imply 


g; = (0, 0, g) 
mi=w=V0, u 


t;=C, or t 
The basic equations, Equations (1), are then 


Ous 
Ox 
Ou; 07 us pgB7 
—— T T 
oz;? oz? m 
oT 


oz;? 


oT 


pc,C, 


oz2? k 
Using the following dimensionless quantities 
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u = Us/U,,, 


re) 
E = ( ~ 
Oz; 


\ 
| 
Ra = p’gC,C,Bl*/kp 


Equations (3b, c) become 


0 = kT/(pC,Ciupl*) 


+ p.0) ?/pu,,, F = Q/(pC,Ciu,,) 


O*u O*u 
— + Ra @ 
ox? oy? 
0°0 


0°60 9 
dy? 


Oz? 


Introducing two complex functions* 


> = u + ie*O, G=F + ie*E 


where 


Equations (5a, 6) may be combined into a single equation, 


o*o o*o 
* ah — id = —ieG (7 
- i , ie 1G 7) 


This is an inhomogeneous Helmholtz wave equation. When 


V*G = 0, where V? = ( ),, + ( )y,, we introduce 


¥=9o-G (8) 


Equation (7) is changed to a homogeneous Helmholtz wave equa- 
tion (with inhomogeneous boundary conditions), 
ory 


- » aera © * Ue 
+ Dy? iey = 0 (9) 


ox? 
With appropriate boundary conditions, the solutions of this equa- 
tion for some regular configurations may be found by various 
mathematical methods and techniques [14]. 
The velocity and temperature fields are clearly 


u = Re(¢), 6 = e~Im(¢) (10) 


In the present problem of combined free and forced convection, 
the axial pressure gradient or the parameter E is a fixed quantity, 
which is definitely related to the mass flow and consequently to 
the axial temperature gradient and the heat source intensity. It 
may be determined from the following relation 


flow rate = f, usdxzjdzz = Uu,, 8 dz,dz, (11) 


Re if, ddzdy| = A/l? (12) 


To evaluate the heat-transfer coefficient or the Nusselt number, 
we first define a mixed mean temperature difference, 


(14) 


1 aa, 


? Here we assume that the Rayleigh number is positive. 
positive Ra, see the section of discussions of this paper. 
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For non- 





This formula greatly reduces the mathematical manipulation used 
in previous investigations [5, 11], since we have avoided the 
lengthy multiplication of the functions u and 0. 

The Nusselt number defined in the usual manner is 


f,=1- 


u = Re(o) = FE, — e Ef, 
6 = e~Im(¢) = e~*[e EE, + FE;) 


where 


cosh «(1 + 2) cos K(1 — z) + cos K(1 + z) cosh «(1 — z) 





cosh 2x + cos 2x 


ra sinh «(1 + 2) sin K(1 — z) + sin «(1 + z) sinh «(1 — z) 


> 
Nu=— ==; (15) 
In dimensionless form, it is 
Nu = . 16) 


where r, is the hydraulic radius which is defined as the cross-sec- 
tional area divided by the circumference. 

This formally completes the complex function method of the 
problem. In the subsequent sections the method is applied to the 
cases of flows between two parallel plates and in a rectangular 
channel 


Two Flat Plates 


Consider the flow between two vertical parallel plates of width 
2a with uniformly distributed heat sources throughout and linear 
axial temperature distribution at the walls. It is further specified 
that the wall temperature at the same horizontal level is equal.’ 

The governing equation and the boundary conditions are 

2, 
ae — ie@d = —ie’G 


dz? 


@=0 at z= +1 


dy 
7 ~ iey = 0 


and 
y = 


Here the reference length / is taken to be a. 
The general solution of Equation (19) is 


-G at z= +1 


¥ = A, cosh (i'/*ex) + B, sinh (i'/*ez) 
Using the boundary conditions (20), we obtain 


cosh (i'/*ex) 
y- ee 


cosh (i'/*e) 


one 1 3 ne 
cosh (i /*e) 

To find the corresponding solutions of the velocity and tempera- 
ture fields, we can easily split the function @ by the aid of some 
mathematical tables in the literature (see references listed 
in [15]). However, for the purpose of completeness and direct 
comparisons, all solutions of this paper are also given explicitly in 
terms of real functions. Then the velocity and temperature fields 
are, respectively, 

* Though we may have the case of two unequal wall temperatures 


at the same level, it does not change the main feature of the problem. 
The problem can be solved accordingly. 
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cosh 2x + cos 2x 
Kk = €//2 


The parameter E or the pressure gradient may be found from 


Re {fi ee} = 2 


By integration we obtain 
1/2, 
Re {afi ~_ A 2} =" 
a’ 


Fé, — e*EE, = 1 


with 


(26) 


where 


gy — 2 [sinh + sin 2 
, 2x |_cosh 2x + cos 2x 


t 1 sinh 2x — sin 2x 
. 2x |_ cosh 2x + cos 2x 


Therefore 
= (Fe, - 1] 
E=— --1 
§; 
The mixed mean temperature difference is 
1 +1 
6, = Im gurl 
4e* as j 


t/s, 
== Im Ja [3 ~ 9 EY - oe cha] 
4? a/%e 


i ee 8 (31) 
ry a puts & 


sinh? 2x > sin? oe 
(cosh 2x + cos 2x)? 


where 


= 3f, - 





n; = 3& 


“- sinh 2x sin 2x 
7. (cosh 2x + cos 2x)? 


Hence the Nusselt number of the problem is 
ai — F) 
6 


m 


Nu = — = 
oF 5 


Rectangular Channels 


Consider the flow in a rectangular channel of sides 2a and 2h. 
The wall temperature distribution is taken to be constant at any 
peripheral section and linear in the axial direction. Let the 
reference length | be a and the aspect ratio b/a be a. Then we 
have 


oy , ow 


+ ~ Re iey =0 (34) 
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and boundary conditions 


y=-G at z=+1 and y= +a 


The solution of Equation (34) is 


y= a [A, cosh (A,z) + B, sinh (A,z)] 


cos 


’ oot ’ nwTz 
[A,’ cos (A,’y) + B,’ sin (A,’y)! (36) on +t Te — 
* cosh | ( - ie) a| . 


where \,, and \,’ are complex numbers which are related by 
A,* — A,* = ie (37) This shows that the velocity and temperature fields are 


To find the solution which satisfies the boundary conditions (35) 
tefeer u = Re(d) = FL, — «EL, 
we write 


(38) 6 = €-* Im(¢) = €~*[e“*EL, + FL,) } 


where y; satisfies where 
n+l 
(—1) ? [= a,(1 + x) cos b,(1 — x) + cosh a,(1 — 2) cos b,(1 + z) 


n cosh 2a, + cos 2b, 


cosh c,(1 + y/a) cos d,(1 — y/a) + cosh c,(1 — y/a) cos d,(1 + y/a) 
cosh 2c, + cos 2d, 


sinh a,(1 + z) sin b,(1 — xz) + sinha,(1 — 2) sin b,(1 + 2) 
- ———— - cos 
2a 


cosh 2a, + cos 2b, 


sinh c,(1 + y/a) sin d,(1 — y/a) + sinhe,(1 — y/a) sin d,(1 + y/a) 


cosh 2c, + cos 2d, 
with 
(39) 
l , 

—ee [(n“rt + 16atet)'/? + net)" 

2VY2a 
and Vs satishes , 
ee, [(n*w*t + 16ate*)'/* — n2rt]'/2 


2V 2a 


Vy: = at +1 ) 
? 
— = , , a y/ 
y= -G@ at ; ba } . —* ((n‘at + 16€*)'/2 + n%rt]'/2 
J: 


Then the solutions of Vi and V2 are, respectively, 
a , . 1/, 1 
—- [(n*xt + 16e*)'/2 — n%?)'/2 


1, cost (== | 272 
i, A,, cosh to? - 


a,b . ci aad 
Equation (12) shows 


ny iG -1) ° ( ft+a +1 } 
cos -—— = ry . Re tha Fie: ddzdyt = 4a 


4a 13.5 


cosh | ( - 2) 
4a? : : 1 /tanh (a, + ib,) 
ie :-3 > 5 (aSts 


Re < : 
( a, + ib,, 


cosh (: ens Fok 
| + Mn+) (47) 


n*r? ‘ NX c, + id, 
B,, cosh e ie) sia = 


We find 


n? 


E 
FM, — — M,;=1 
e 


or the parameter E is 
e 


E = > (FM, - 1) 


. 
Hence the solution of ¢@ is where 
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s bait 
hy > Det, y sla 


1,355 | 

a, sinh 2a, + , sin 2b,, = I | 
e,* + d,? 

e, sin 2ey + dain 2) | 


cosh 2a, + cos 2b, 


cosh 2c, + cos 2d,, 


M; = 4 
wa oe.. 

b, sinh 2a, — a, sin 2b, 1 

eieotes _—s — aa 

d,, sinh 2c, — c, sin 2d, 

cosh 2X, + cos 2d, ] 


cosh 2a, + cos 2b, 





The mixed mean temperature difference is evaluated from Equa- 


tion (14), 


1 j bie +1 ) 
0, = sa tm 4 | 4 { _, Paeayy 
9 


I { 7 1 vend 1 J, 
oY. an hal my »» n? y em oo - 


tanh (a, + 1ib,) tanh (c, 


sech*c, + id,)] — 3 + 
i TS | a, + ib, C, + 


(ean + tan) } 


phot - 
= i N, + (m - . ) 
€ é 


> 1 1 + cosh 2a, cos 2b, 
—_ 


n? | (cosh 2a, + cos 2b,)* 


nn 

1 + cosh 2c, cos 2d, 4 
‘ 

(cosh 2c, + cos 2d,)? C 


1 | sinh 2a, sin 2b, 


12 n? | (cosh 2a, + cos 2b,)? 
sinh 2c, sin 2d, ] eh 
ie 


(cosh 2c, + cos 2d,,)* 








Toon <i 
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The Nusselt number, according to Equation (16), is 


Discussions and Conclusions 


From the inspection of the basic equations we can easily see that 
the present set of equations is also applicable to the case of pure 
free convection with a linearly varying wall temperature. The 
only difference of the two problems is the magnitude of the axial 
pressure gradient or the parameter FE. Discussions on this point 
are given in [9]. 

From Equation (6) we observe that the present method is only 
valid when the Rayleigh number is positive. For zero or negative 

Rayleigh number, the complex function ¢ is no longer meaningful 
since the velocity and temperature terms become indistinguishable. 
Mathematically, this may seem to be a shortcoming of the 
method. However, as we closely examine the problem, the 
mathematical requirement of positive Rayleigh number does 
agree with the physical conditions. First, let us look at the case 
of zero Rayleigh number. This means that either C, or 8 (or 
both) is zero. By examining Equations (3), we see that when 
C; = 0 this is a problem of constant wall temperature. The 
energy equation is independent of the velocity field. When 8 = 0 
the buoyant term in the momentum equation disappears. This 
is identical to the pure forced convection problem. In either of 
these two cases, at least one of the basic equations involves only 
one dependent variable. Hence the equation is readily solvable. 
With one of the fields known, the other field, of course, is ob- 
tainable. Solutions in most problems of these cases are known. 

In order to have a negative Rayleigh number, either C; or 8 
is negative. In either of these two cases it implies that the 
density of the fluid is lighter at the bottom. They are equivalent 
to the problems of heating from below, which are connected to the 
phenomena of ‘‘Rayleigh instability’’ [16]. The flow characteris- 
tics are indeed different. Motions of columnar type or of cellular 
type may occur [9, 17, 18]. In these cases they certainly do not 
agree with the assumption of fully developed flows. 

The present derivation does not include the frictional heating. 
It is well known that with frictional heating the energy equation 
becomes nonlinear. The equation may be solved by successive 
approximations, since the frictional heating term is usually small 
when compared with other terms. Then the present solution 
without frictional heating is still very useful. It represents the 
zeroth-order solution. In general, when the Rayleigh number is 
large, the effect due to the frictional heating is almost nil (7, 9]. 

As mentioned in the introduction, the present method is more 
direct and powerful. They can be readily seen from comparisons 
of two examples given in the paper. The governing equation of 
the present paper is a second-order one instead of the usual fourth- 
order equation. Also, we are able to obtain the solutions of the 
velocity and temperature fields simultaneously and express all 
solutions by circular and hyperbolic functions of complex argu- 
ments in less terms. Though we do have an extra step of splitting 
these complex functions in order to obtain all physical solutions, 
they, however, can be easily done by use of the mathematical 
tables of circular and hyperbolic functions of complex arguments 
[15]. The splitting of all the functions used, such as sin z, cos 2, 
tan 2, sinh z, cosh z, tanh z, sinh z/z, and tanh z/z, and so forth, are 
available in the literature. 

Even when expressing all physical quantities in real functions, 
the present method is less complicated. This is particularly true 
when the cross section of the channel should be specified by two 
space variables. In the illustrative example of flows in rectangu- 
lar channels, the present method gives the physical solutions in 
terms of some single series of elementary functions instead of the 
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double Fourier series [11]. It is a known fact that the Fourier 
series is usually a slowly convergent series.‘ In order to achieve 
the necessary accuracy of the numerical results, many terms of the 
series should be used. Computational work with double 
Fourier series is indeed quite lengthy. Also, the present ap- 
proach gives the solution in a neater form. 

At last, it should be mentioned that since the purpose of the 
paper is to suggest a new method of investigating the combined 
free and forced convection, no numerical results are given in this 
paper. Furthermore, the two examples given in this paper have 
been previously studied and the numerical results are available. 
Flows in other configurations are now in process and will be re- 
ported in the near future. 
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The Role of the Skin in 
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Heat Transfer 


The author considers lines of fundamental research and the impact of human factors in 
the area of thermal exchange 


Logically, this area of investigation may be divided into: 


(a) Heat exchange between man and his environment; and (b) internal energy balance 


between heat production and heat loss. 


Very little information has been compiled in an 


orderly fashion concerning the skin through which heat must flow in both directions to 
maintain man in his environment in a functional capacity. It is therefore the purpose 
of this paper to consider the human skin, its dimensions and properties with respect to 
its role in heal transfer, and the effects of its impairment or injury. 


Tes SKIN is readily recognized as the boundary layer 
of the body and is frequently considered as a thermal insulator or 
inert envelope containing a metabolically active source. Less 
often is it thought of in terms of its own thermal function although 
it is in itself a heat generator, absorber, transmitter, radiator, con- 
ductor, vaporizer, and detector. Very little is known about the 
physical dimensions of skin even though its importance is attested 
by the thriving community of dermatologists who devote their 
professional lives to the study of its health and welfare. Most of 
the data available date back to the 1800's and are of questionabk 
accuracy largely due to the technical difficulties of assessing the 
dimensions of so irregular and heterogeneous a tissue. To ap- 
preciate some of these difficulties one need only consider the na- 
ture of the tissue as shown in Fig. 1. It is seen that the skin is 
the epidermis and the dermis 
The epidermis is subdivided into four layers, the stratum cor- 


comprised of two main portions 


neum, stratum lucidum, stratum granulosum, and stratum germi- 


nativum. One or two of these layers (viz., s. 1. 


’ 


and s. gr.) may 
be absent in some areas of the body. The dermis is subdivided 
into two layers, subepithelial or papillary layer and the reticular 
layer, both of which are composed of connective tissue. All layers 
except the stratum corneum are living, growing tissue and there- 
fore produce metabolic heat. 

The thickness of the whole skin varies widely over the surface 
of the body. It may be more than 5 mm on the back and only 
0.5 mm. on the eyelids. The usual thickness is 1 to2 mm. The 
futility of attempting to strip the skin from the entire body evenly 
is so obvious as to discourage even the most dedicated anatomist 
Therefore the physical dimensions determined for whole skin are 
for the most part calculated values although quite recently specifi: 
gravity has been determined directly [1].1_ Some of these are 
shown in Table 1. From these figures it is readily appreciated 
that, by weight as well as by surface area, skin is one of the largest 
organs of the body. It comprises about 6 per cent of the total 
body weight and exceeds the weight of the liver, the brain, the 
heart, and the kidneys put together. 

Of greater interest in the present consideration are the thermal 
and optical properties which are even more difficult to measure 
and therefore are known only approximately. Some of these are 
shown in Table 2. Although these quantities are frequently re- 
ferred to as “‘constants,’’ it is obvious that they must be far more 
variable than constant since the medium itself is not only hetero- 

! Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of the 


Society. Manuscript received at ASME Headquarters, August 13, 
1959. Paper No. 59—A-138. 


Journal of Heat Transfer 


Stratum corneum 
Duct of 
sweat gland 


Strotum—— 
lucidum 


——- mn Blood vessel 
ulosu 
Stratum 
germinoativum 


Duct of sweat gland 
Papillary 


layer of derma ; 
y Reticular layer 


of derma 


Fig. 1 Section of human skin showing all layers. (Adapted from 
photomicrograph by A. A. Maximow, Textbook of History, Maximow and 
Bloom, W. B. Saunders Company, Philadelphia, Pa., 1948.) 








Table 1 Approximate values of the physical dimensions of whole skin 
for the “average man” 


(70 kg in weight and 170 cm in height [1}) 
Dimension 
Weight... 


Surface area... 


Water content. . 
Specific gravity. 
Thickness... 


70 to 75 per cent 


1.1 
0.5 to 5 mm (0.02 to 0.2 in.) 


Table 2 Approximate valves for thermal and optical properties of skin 


Value 

240 (?) kg cal/day 

9 to 30 kg cal/m? hr deg C 

(1.5 + 0.3) X 10~* cal/cem sec 
deg C at 23 to 25 deg C am- 
bient 

Diffusivity (k/pc)............. 7 % 10-* cm?/sec (surface 
layer 0.26-mm thick) 

90 to 400 X 10-* cal?/cm‘ sec 
deg C? 

~%0.8 cal/gm 

~A%.99 


Property 
Heat production 
Conductance 


Thermal inertia (kpc) 


Heat capacity (c)........... 

Emissivity (infrared 

teflectance (wave-length de- 
pendent)................... Maximum 0.6 to 1. 

Minima <03 and 

Transmittance (wave-length de- 
pendent) Maxima 1.2, 1.7, 


Minima 0.5, 1.4, 
geneous but of varying composition and thickness from place to 


place on the body surface. Furthermore, because of the presence 
of thermal and other sensory detectors in the skin, its thermal 
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properties are influenced by an efficient feedback system operating 
through the cutaneous blood-flow system, as well as through a vol- 
untary or cortical control whereby the entire organism is activated 
to remove itself from hazardous environments. 

For example, local cooling causes a shutdown of blood flow to 
the skin to a minimum estimated at about 0.015 ce per min per sq 
cm [2]. Local heating brings about local vasodilatation, flooding 
the heated skin with blood at over 100 times the minimal rate, re- 
sulting in measured thermal conductivities as much as four times 
the value determined at normal room temperature. In addition, 
prolonged local heating brings about sweating, not only of the 
heated area but also of nonheated areas of the skin [3] indicating 
that remote as well as local effects may be produced by signals 
relayed from the skin detectors to the central nerve centers. More 
intense heating may stimulate pain receptors, resulting in reflex 
withdrawal of the limb or perhaps of the entire body. 

Changes in skin temperature are accompanied by variations in 
heat production, as well as heat loss, in the skin. The secretion of 
sweat, for instance, requires energy; therefore the metabolism of 
the skin must be increased during such activity. The amount of 
heat produced by the skin itself is unknown although it is possible 
to make some approximation from its oxygen consumption and 
related data. In vitro measurements of oxygen consumption indi- 
cate that the metabolic rate of this tissue is perhaps one fourth 
that of the cerebral cortex and about one fifth that of the liver 
[4]. The latter is one of the most metabolically active tissues of 
the body which, in the dog, at least, accounts for approximately 
one third of the total oxygen consumption of the whole body [5). 
Since in man the weight of the skin is about twice that of the liver, 
and the water content about equal [4], a very rough estimate of 
the contribution of the skin to the total heat production may be 
calculated as '/, (O, consumption) x 2 (weight) x 33 per cent 
(heat production) = 12 + per cent of the total metabolic heat 
production. On this basis, the estimated contribution of the 
skin is about 240 kg cal per day for the “average man,’’ a not insig- 
nificant amount. 

The thermal conductivity of the whole skin is so much under 
the influence of blood flow that it proved desirable to deal with it 
in two parts; i.e., (a) the specific conductivity referring to the 
bloodless tissue, and (b) that caused by the flow of blood to the 
skin surface. Used in this sense thermal conductivity becomes 
obscured in the term conductance, Table 2 [2, 6], referring to the 
heat flux per unit gradient decrease in temperature through the 
skin and the underlying tissues of the body. 

It becomes clear that to specify a firm value for thermal con- 
ductivity of skin in the usual engineering sense it would be neces- 
sary to separate the skin into homogeneous layers and measure 
each separately. Since this technique cannot be employed in the 
intact body, approximations have been made by other methods 
involving the measurement of the product of conductivity, heat 
capacity, and density as one entity, or by determining average 
diffusivity with respect to depth, and deriving from this the con- 
ductivity. The value noted in Table 2 is one recently given [7] 
for intact living skin. It was obtained by comparison of the 
product (kpc) of skin with that of a known substance (glass) and 
applies at normal room temperature (23 to 25. C). Other deter- 
minations [8, 9] have shown values of kpe varying from 90 to 400 
cal*/em* sec deg C* depending upon the physiological and physi- 
cal conditions prevailing. 

Heat capacity has been measured in excised pigskin [10] and 
because of the histological similarities between this and human 
skin, it has been assumed to be applicable to the latter as well. 
Since this value is fairly close to unity it has relatively little effect 
on the computations of thermal conductivity. However, as de- 
terminations of the latter become more dependable, direct deter- 
mination of heat capacity in human skin should be made. 

The importance of emissivity, reflectance, and transmittance of 
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the skin has long been recognized. The fact that the skin emits 
heat very nearly like a black body, Table 2 [11], has permitted 
the development of various radiometric devices for the measure- 
ment of skin temperature. Reflectance and transmittance’ are of 
particular importance in determining the extent and depth of 
heating of the skin exposed to energy of various wave lengths. 
Sources of such energy range from natural emitters such as the 
sun and the natural environment to artificial sources such as 
atomic flash, infrared and tungsten lamps, carbon arcs, furnaces, 
open fires, and myriad others. The determination of the effect on 
the skin of each of these types of energy constitutes a complicated 
study in itself since the optical properties vary with the degree of 
pigmentation of the skin, thickness of the layer, surface condition, 
and soon. One effect in common, however, is that prolonged or 
intense exposure results in death of the skin in whole or in part. 
If the entire skin surface is destroyed, even though deeper tissues 
are not, death of the individual is certain. Prevention of such 
deaths absorbs the interest of many physicians and surgeons and 
involves them in studies of heat transfer into the layers of the 
skin itself. These studies include evaluations of char depth, his- 
tological changes, metabolic processes, and the elaboration of sub- 
stances by injured or thermally stimulated cells [12]. 

It develops, then, that the role of skin in heat transfer is mani- 
fold. It may be considered under certain circumstances to be a 
multiple-layer covering of a heat source through which heat 
passes at a measurable rate; a servomechanism for the regulation 
of this heat passage; an alarm system to detect and transmit sig- 
nals indicating dangerous extremes of temperature; a living or- 
gan generating, dissipating, and modulating the flow of heat be- 
tween the entire organism and its environment; and finally, an 
indispensable, vulnerable yet highly regenerative and adaptable 
thermal integument having remarkable ability to alter its proper- 
ties, thus inhibiting heat loss in the cold and augmenting heat loss 
in the heat. In the field of thermal engineering its significance is 
reflected most obviously, perhaps, in the relative narrowness of 
the comfort zone. It is the skin rather than the body as a whole, 
which, by virtue of its wealth of sensory receptors, dictates the 
physical features of a comfortable environment. In this regard, 
it has been shown [13] that exposure to a thermal environment of 
105/95 F (dry/wet bulb) results in impairment of performance 
dependent upon attention to cues (flashing lights), superimposed 
on a central task (tracking), even though the performance of the 
central task is unaffected. Thus modification of the sensory 
function of the skin offers one final possibility of broadening the 
thermal limits of man’s field of operation. If it were possible to 
modulate sensations of heat and cold at the cortical or perceptual! 
level, the limits of the comfort zone undoubtedly could be ex- 
panded considerably. Modulation at this level would not af- 
fect the thermoregulatory servosystem although it would narrow 
the individual’s margin of safety by subduing the early warnings 
of impending danger. Later warnings such as giddiness, nausea, 
and increased heart rate would not be affected. Such modula- 
tion could not increase the absolute tolerance level of the body but 
it could reduce the mental and emotional discomfiture occasioned 
by long exposure to extreme, yet sublethal, environments. It is 
conceivable that in situations where weight is a critical factor, as 
in rocket ships for example, a significant reduction in heat-ex- 
changer equipment might be effected by expansion of the comfort 
zone by even a small margin. In this way, performance of com- 
plicated tasks requiring judgment and precision on the part of the 
operator might be maintained over long periods of time at no 
added weight cost simply through elimination of the distraction 
and irritation afforded by an environment perceived as uncom- 
fortable. Inany event, modulation of this sensory system consti- 


2 The maxima and minima noted in Table 2 are rough average val- 
ues obtained from a variety of sources too numerous to list. Many of 
these are to be found in issues of the Journal of Applied Physiology. 


Transactions of the ASME 





tutes an intriguing pharmaco-psychological problem in which the 
thermal senses are to be depressed selectively without interfer- 
ence with kinesthetic senses or motor function. Such an approach 
though somewhat risky, may well be the last resort in widening 
the thermal limits within which man may function effectively and 
constitutes, perhaps, the final aspect of the role of skin in heat 
transfer. 
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DISCUSSION 
George Mixter, Jr.* 


Suspended as I am between the heaven of pure physics, where 
all is known or knowable, and the hell of clinical medicine 
where nothing is known for sure, there is little I can add to this 
fine presentation. 

The thermal and optical constants of skin as given are, I 
think, generally agreed upon by workers in the field. The 
“‘philosophy”’ of skin propounded in this paper is an admirable 
summing up by one well qualified to do so. 

Without the help of my engineering and physicist friends at 
the Naval Materials Laboratory in Brooklyn, I should not 
presume to discuss the instrumentation of the 2-thermistor 
gradient amplifier you have just heard described, except to ex- 
press delight that gradients of the order of thousandths of a degree 
may be measured with accuracy within such “semi-infinite 
solids’. 

It seems to me that papers given at this meeting are beginning 
to demarcate three major areas of biologic heat transfer, so 
far as its noxious effect on the organism is concerned. For 
brief exposures of less than 10 sec at high irradiances, the 
kpe of skin is relatively stable at around 10 K 10~‘ cgs units. 
Here, damage to biologic systems (clinically called a flash burn) 
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remains close to the surface and hinges upon the time-tempera- 
ture tolerance of living cells. This is the field in which my 
colleagues and I are currently attempting to obtain accurate 
quantitative data. 

As vertebrate feedback systems come into play, kpc begins 
to rise toward a 4 or 5-fold increase; in exposures to lower 
irradiances for moderate periods of time, as Dr. Webb has 
shown,‘ the limit of biologic tolerance is not cell death, but pain. 
Tolerance for transient exposures of this order of magnitude 
may well be altered by “modulation of the sensory system” 
as suggested by this author, although there is a narrow margin 
between the thermal requirements for intolerable pain and 
irreversible tissue damage, as she and Dr. Hardy have shown. 

The third area of noxious thermal transfer involves even 
lower irradiances and longer times. Increased kpe—‘‘thermal 
inertia’’—of the skin sesults in suppression of the critical aspects of 
surface temperature, but at the expense of the whole organism, 
whose mean body mass temperature cannot be allowed to rise 
beyond a certain point. The balance between this absorption 
and protective feedbacks forms the subject of several papers in 
this series. These three areas are actually only gross sub- 
divisions of a broad spectrum of thermal damage which are of 
interest alike to the physician, biologist, and engineer. 

I should like again to congratulate Dr. Stoll, and to conclude 
by asking whether her thermistors are embedded in a diather- 
manous, or an opaque, medium. T. P. Davis of Rochester has 
treated the heat-flow situations involved in a masterful fashion 
(partially reported at the IRE meetings this fall in Philadelphia) 
but, thus far, the special case of the diathermanous solid has 
defied satisfactory analysis. 


E. M. Sparrow® 


Congratulations are extended to Dr. Stoll for an excellent 
exposition of the heat-transfer properties of skin as well as for 
the development of a highly accurate instrument for temperature 
measurement. In connection with the instrument, it may be 
worth while to pose a question which is frequently raised when 
engineering measurements are being made. Namely, is the dis- 
turbance of the temperature field due to the presence of the probe 
of sufficient magnitude to reduce the need for a highly precise 
instrument? Now, in the case of skin, it would appear that the 
usual physical disturbance of the temperature distribution would 
be augmented by physiological reactions. It would be ap- 
preciated if Dr. Stoll would comment on the magnitudes of these 
disturbances and, if possible, compare them with the accuracy 
of her instrument. 


Alan H. Woodcock® 


Dr. Stoll has certainly produced a fascinating paper on an 
organ of the human body about which surprisingly little is known. 
To the engineer it must be a very unsatisfactory engineering 
material since its properties are so extremely variable. Neverthe- 
less, to the container engineer, it seems to be an ideal substance— 
one which is flexible, resilient, self-repairing, capable of increasing 
its thickness where abrasion is high. Added to this, the re- 
markable thermo-regulatory potentiality of living skin makes one 
wonder when compared to structures created by man. 

One wonders at Dr. Stoll’s suggestion of desensitizing the skin 
as a means of expanding the thermal comfort zone. In an 
environment which is oscillatory in its thermal regime, such as in 
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a satellite which is alternating between the shadow of the earth 
and sunlight, desensitizing the skin might have some value if 
the variations in temperature were great. However, in space 
travel, far from the earth, steady conditions can be expected 
and here tolerance of the human to abnormalities in deep body 
temperature would seem to be the governing factor. 

Dr. Stoll is to be congratulated on an excellent paper containing 
a useful collection of pertinent data. 


, 
Author's Closure 
kind greatly 
appreciated and I shall endeavor to clarify the points raised. 
The questions of Dr. Mixter and Professor Sparrow pertain to 


The very comments of all the discussers are 


the oral presentation of data on a temperature-gradient measuring 
The 
thermistors and their calibration for the 
indication of absolute temperatures between 24 and 60 deg C, 


system under development for use in a skin simulator. 
sensitive elements are 


and of gradients of 0 to 2.5 deg C with an accuracy within 0.025 
deg C, was described. 

In answer to Dr. Mixter’s very pertinent question, the ther- 
mistors are to be used in a diathermanous medium which is 
blackened on the surface to render it opaque and to conform to 
the manner in which irradiation of living skin is performed in 
measuring thermal pain and blister thresholds 

Professor Sparrow’s point is also well taken. The amount of 
disturbance in the gradient occasioned by the introduction of the 
thermistors depends largely upon the discrepancy between 
the thermal conductivity of the thermistor material and that of the 
Neither that of the former nor 
the latter is known precisely at the present time. 


tissue (or simulated tissue). 
However, the 
thermistor elements under discussion are glass-covered ceramic 
beads and the thermal conductivity of these materials approxi- 
mates 0.002 cal/em sec deg C while that of the skin (0.0015 + 
0.0003, Table 2) appears to be not greatly different. The final 
answer to this question must await dynamic calibrations of the 


elements in situ. The calibration described was performed dy- 
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namically in water at levels between 24 and 50 deg C at which 
temperature the thermal conductivity of water is about 0.0014— 
0.0015 egs unit, closely approximating that measured for skin 
and changing in the same direction with temperature. It was 
carried out primarily for the purpose of establishing the feasibility 
of using thermistors in this application since the resistance of 
both sensing elements changes with temperature. Such feasi- 
bility was established and it now remains to incorporate the 
gradient-measuring system in the simulated skin. As for the 
augmentation of thermal disturbances by physiological reactions, 
data on this point are entirely lacking, for such biological tech- 
niques as bave been used have not separated the physical from the 
physiological events. It is hoped that the system described, 
after suitable calibration in inert materials, may be applied to 
the measurement of physiological effects. 

As Dr. Woodcock suggests, the space vehicle intended for long- 
term occupancy may be expected to provide a constant environ- 
ment where tolerance to abnormalities in deep body temperature 
would play the dominant role. However, in this situation 
one would anticipate a “‘shirt-sleeve environment” as postulated 
by J. E. Janssen in another of the Heat Transfer sessions (ASME 
Paper No. 59—A-207). The example cited in the present paper 
referred to the shorter term though relatively long-duration re- 
quirement for maintaining high-level performance in an environ- 
ment normally perceived as uncomfortable, as for instance, 
that which might be experienced during rocket flight, or to come 
back to earth, any situation in which broadening of the thermal 
tolerance limits is required temporarily for purposes of perform- 
ance maintenance. 

In closing, I welcome this opportunity to thank the discussers 
once again for their kind remarks and critique; to point out, lest 
anyone be misled, that the title conferred on me in these dis- 
cussions is entirely a courtesy accorded by my colleagues in the 
biological fields; and, finally, to thank the mentors of THe 
AMERICAN Society or MECHANICAL ENGINEERS, particularly 
those of the Heat Transfer Section, for their invitation to 
participate in the activities of this splendid organization. 
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The Prediction of Human Thermal 
Tolerance When Using a Ventilating 
Garment With an Antiexposure Suit 


The physiological responses of human subjects have been investigated in the thermal en- 
vironments ranging from 120 to 240 deg F while wearing the MA-2 ventilating garment, 
an MK-IV exposure suit, and other garments comprising 2.15 clo* of thermal resistance. 
The ventilating garment was given air inputs ranging from 2 to 14 cfm in volume, and 
from 50 to 90 F in temperature. The thermal responses of the subjects are shown 
graphically in terms of heat storage, heart rates, sweat rates, and composite indexes of 
these variables. The results of these experiments have been prepared in terms of an equa- 
tion which is presented graphically as a nomograph. This nomograph predicts the 
cooling power of the MA-2 ventilating garment and is to be used in conjunction with the 
tolerance chart. The tolerance data, which were determined on steady exposures in a 
preheated chamber, are used to predict human tolerance for conditions where the air and 
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wall temperatures are not constant 


I. RECENT YEARS requirements for air-crew clothing 
have become more exacting, partly because the occupants of 
today’s high-speed aircraft must be prepared to perform under 
extremes of environmental temperature. In particular, they may 
be subjected to high temperatures in the cabin as a result of the 
ram air heating. Personnel also may be exposed to the cold en- 
countered in a high-altitude bail-out or a forced landing over 
mountain, arctic, or air terrain. The cold environments require 
that the crew must wear about 3 or 4 clo* for protection. Addi- 
tionally, an antiexposure suit is considered necessary for protec- 
tion against loss of this insulation by wetting in the event of im- 
mersion in water after bail-out. 


1This paper is the result of research sponsored by Wright Air 
Development Center (Aero Medical Laboratory) in co-operation with 
the University of California, Los Angeles, Cal. 

? The unit of thermal resistance for clothing is the “‘clo’’; one clo 
is equal to 0.88 deg F/(Btu/ft*hr), and expresses the insulation value 
of that quantity of clothing that will maintain comfortable thermal 
equilibrium in a man sitting at rest in an environment of: (a) 70 deg 
F air and wall temperature; (b) less than 50 per cent relative hu- 
midity; (c) and 20 ft/min air movement. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Sociery or Mecuanicat ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
13, 1959. Paper No. 59—A-114. 


Nomenclature 


To have relative comfort and thermal balance while wearing 4 
clo of clothing and an impermeable outer garment, a cabin tem- 
perature of about 30 F would be necessary. This would cal] for an 
impracticable amount of cabin cooling at high speeds. One 
solution is to limit the amount of air conditioning and expose the 
crew to a higher temperature which is still within human ca- 
pacity to perform efficiently though not necessarily comfortably 
for short periods of time. However, this may entail many prac- 
tical difficulties. For example, during the time the crew member 
wears the impermeable suit his sweat accumulation will have re- 
duced the effective insulation value of his clothing. Therefore, 
if feasible, one should provide a “private climate” by means of 
air-conditioned clothing. 

The use of ventilated clothing as a means of reducing heat or 
cold stress has been advocated by various persons over the past 
50 years [1].* There are two ideas which should be emphasized 
as background for the present study; namely, economy of protec- 
tion, and effectiveness of distribution of cooling in the suit: 

(a) Ventilated clothing provides a mobile private climate for 
the wearer. In the industrial situation this is a substitute for 
either general space conditioning or local space cooling. In 
military aircraft where maximum power with minimum weight 
is critical to performance, any device which potentially favors this 
ratio immediately commands attention. 


* Numbers in brackets designate References at end of paper. 





surface area of body, ft* 
body weight, lb 
mass air flow to chamber, 


average unit heat capacity of 


water vapor pressure, atmos- 
pheric, in. Hg ft? hr 
water vapor pressure, suit ven- 
lb/min tilation (subscripts 7 and o, 
entering, leaving), in. Hg 


respiratory heat transfer, Btu/ 


body storage index, Btu/ft?hr 
change in storage index due to 
ventilated suit, Btu/ft*hr 


HR 
I 


human body, Btu/lb, deg F 
unit heat capacity of air at 
constant pressure, Btu/Ilb 
deg F 
heart rate, beats per min 
Craig index, dimensionless 
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convective heat 
Btu/ft*hr 

evaporative heat transfer, Btu/ 
ft* hr 

metabolism, Btu/ft*hr 

radiant heat transfer, Btu/ft? hr 


transfer, 


= Qichart) — Ag,, Btu/ft*hr 


sensible heat transfer to air im 
ventilating garment, Btu/ft* 
br 


ambient air temperature, deg F’ 
(Continued on next page) 
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(b) All previous models of ventilated clothing have featured 
some form of tubular-duct air distribution, often with inade- 
quacies of distribution, or high pressure drop, or bulkiness of the 
ducts within the clothing. The MA-1 suit, designed by H. A. 
Mauch [2] and later the MA-2 suit, has a sandwich duct system 
with many ports for air distribution and a low pressure drop. It 
is designed for high cooling efficiency coupled with a garment 
construction of increased comfort and convenience. A picture of 
the MA-1 ventilating garment appeared in Life Magazine |3). 
For demonstration purposes, Life used smoke in the ventilating 
air to give the reader a feel for the efficiency of the air-distribution 
system. Later, in Mechanical Engineering (4), a picture was pub- 
lished of the MA-2 ventilating garment, where the basic change 
was to extend the ventilating garment below the knees. 

It is difficult to justify any extensive program of evaluation on 
any particular clothing assembly because these assemblies soon 
become obsolete. Nevertheless, the principle of the ventilating 
garment is so fundamental that it is the objective of this paper to 
provide a rational basis for the prediction of thermal tolerance 
when using an MA-2 ventilating garment with a modified MK-IV 
antiexposure suit. 

The approach is to evaluate the environmental stress, without 
the ventilating garment, according to the procedures outlined by 
Craig L. Taylor [5]. This stress is measured by the “storage in- 
dex”’ parameter and is expressed in Btu/ft*hr. The ventilating 
garment decreases this stress and the magnitude of this decrease 
in storage index is reflected in an increase in the subject’s tol- 
erance time. 


Clothing Assembly 


The clothing assembly including ventilating and outer garments 
has a mean effective clo of 2.15. Fig. 1 shows the assembly of 
clothing on the subject. The clothing for the trunk, arms, and 
legs remained the same throughout all experiments. This con- 
sisted of long woolen underwear, very light flying suit type K-1, 
experimental ventilating garment MA-1 and later MA-2, modified 
MK-IV antiexposure suit and liner. 

It was planned to keep the same clothing for head, hands, and 
feet but we encountered distress in these areas at the 200 and 240 F 
environments and the clothing had to be modified. To prevent 
burning on the nose and ears, two Navy knit stocking caps were 
made into a hood which distributed the perspiration more uni- 
formly and prevented burns. Leather gloves were worn over 
wool-knit gloves but when blisters resulted at the knuckles at 240 
F we changed to wool-knit gloves up to 200 F and M1949 arctic 
mittens with A-11A wool inserts for the 200 and 240 F environ- 
ments. The greatest discomfort resulted from hot feet. Even 
though the subjects wore heavy woolen stockings, the hot rubber 
boots of the MK-IV antiexposure suit were painful. The boots 
were removed from the suit and the subjects wore mukluks with 
woolen socks for the remainder of the experiments. 


Environmental Conditions 


The heat chamber consists of a one-man conditioned space 
equipped with controls for temperature, humidity, pressure (alti- 
tude), and air flow. In addition to these controls which are a 
part of the chamber, it was necessary to condition and control the 
air to the ventilated suit. Table 1 gives the control settings 
maintained in these experiments: 


Table 1 
PuysicaL ENVIRONMENT 
Variable Settings 
Air temperature, /. ; 120, 160, 200, 240 F 
Wall temperature, t. te = te 
Mass, flow, W...... 6 lb per min 


Barometric pressure, p 22.2 in. Hg (8000 ft alt) 
Water vapor pressure, P, 0.39 in. Hg 


VENTILATED Suir ENVIRONMENT 

50, 70, 90 F 

2, 6, 10, 14 cfm* 
0.20 in. Hg 


* The cfm values are those for a pressure of 22.2 in. Hg. 


Ventilation, t,...... 
Ventilation air flow, V,........... 
Ventilation air humidity, Pvg.... 


Since one of the objectives of this paper is to explain how the 
ventilating garment accomplishes its cooling effect, an attempt 
was made to measure the outlet dew point and temperature from 
the suit. The right-arm and right-leg outlet valves from the 
suit were manifolded together and this air was sampled by an 
electronic dew-point hygrometer. Since the chamber tempera- 
ture was always above the ventilated-suit temperature no special 
provision was necessary for prevention of condensation in the air- 
sampling line. 


Physiological Measurements 


Skin temperatures were recorded on seven channels of a Brown 
automatic recording potentiometer, with an accuracy of +0.5 
deg F. A total of 15 thermocouples, in parallel, measure tem- 
peratures at seven major surface regions. The mean of these read- 
ings is reported. Deep body temperature is taken with a rectal 
thermocouple and recorded on a precision Leeds and Northrup 
potentiometer, accurate to +0.1 deg F. Heart rate was indicated 
on an electrocardiotachometer. 

Evaporative water loss was determined by the successive weigh- 
ings on the seat scales. The accuracy of the scales in simulated 
water loss is +5 gram. Another accounting for the evaporative 
loss was obtained from weighings before and after each run of the 
nude subject, of the subject fully clothed, and of the clothing 
separately. In order to partition the water lost through the ven- 
tilating garment, the dew point of the air out of the garment was 
periodically measured on a Chicago-type dew-point hygrometer. 


Experimental Plan 


The plan for these experiments is probably unique because they 
were done at two different times. Series 1 was planned and run in 





Nomenclature 


= */st, + '/,t,, body temperature, 
deg F 

= garment surface temperature, 
deg F 

ht, + hd, , 

= ———=, operative tempera- 

h, +h, 
ture, deg F 

= ¢, at a vapor pressure of 0.8 in. 
Hg, deg F 

= rectal temperature, deg F 

= skin temperature, deg F hr 
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temperature of air entering 
ventilating garment (sub- 
script o, leaving), deg F 

wall temperature, deg F 

ventilating air flow, ft*/min 

water loss through ventilating 
garment, lb/ft*hr 

respiratory water loss, lb/ft*hr 

evaporative water loss, lb/ft? 


evaporation loss from head, 
hands, and feet, Ib/ft*hr 

clothing moisture gain, lb/hr 

nude weight loss, lb/hr 

error term in heat balance, 
Btu/ft*hr 

heat of vaporization, Btu/Ib 

barometric pressure, in. Hg 

time, hr 

weight density of air, lb/ft* 


Transactions of the ASME 





AiR OUTLET Vj 
SAMPLING LINE 


\3 
pee 


a” : 





\— 


EXPOSURE SUIT W'TH LINER (MK-IV) 


VENTILATED SUIT (MA-2) 


FLYING SUIT (K-1) 
WOOLEN UNDERWEAR 


SKIN 








VENTILATING AIR INTAKE 


WOOL KNIT GLOVES 





| 


j--—_— VENTILATING AIR OUTLETS 


TY CWOOLEN SOCKS 


Fig. 1 


1955. This experiment design was based upon the orthogonal 
square principle, which introduces economies of experiment time in 
a multivariant problem of this type. In series 1,two3 X< 3 orthog- 
onal squares were planned, one for each subject. This made a 
total of 18 experiments, nine for each of the two subjects. The 
ranges of interest of the independent variables were operative 
temperature‘ 160 to 240 F, ventilating air 50 to 90 F, ventilating 
air rate 6 to 14cfm. The extremes of these parameters and their 
mid-points were arranged as shown in the orthogonal square dia- 
gram, Fig. 2. 

Series 2 was planned and run in 1958. Since the first series of 
experiments the questions most often asked concerned the effect 
of lower air flows and lower ambient temperatures. In this series 
it was planned to lower the ambient temperature range to 120 F; 
thus giving a temperature range from 120 to 240 F. The flow 
rate was lowered, giving a range from 2 to 14 cfm. The air tem- 
peratures to the ventilating garment remained the same, 50 to 
90 F, 


4 Operative temperature is a weighted mean air and wall tempera- 
ture; however, except where noted, to = te = ty. 
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MUKLUKS 


Ventilated-suit assembly 


Fig. 2 shows the plan for these experiments and illustrates how 
series 2 on the MA-2 ventilating garment augments the previ- 
ous series on the MA-1 ventilating garment. 


Transient Experiment 


Fig. 3 is the time tolerance chart for thermal exposure that has 
previously been published [5] and is reproduced here for con- 
venience. It should be kept in mind that all data on which this 
chart was based were taken in the so-called “‘steady state.’”” De- 
signers have criticized this chart as being too conservative. It is 
our belief that the data truly represent the tolerance for steady- 
state exposure and the criticism arises in our inability to apply 
this chart to the transient condition. 

To gain some insight into this problem one additional experi- 
ment was planned and run at the 160 F chamber, 90 deg F air to 
ventilated suit at 2 cfm flow. This experiment was the same in 
every respect to the 160—90—2 experiment in the orthogonal 
square design except that the subject was placed in a cold cham- 
ber and zero time was marked when the heat was turned on. 
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t,. operative temperature, * F 
V,, air to ventilated sult, CFM 





t,, temperature air to 
ventilated sult, * F 


Fig. 2 Orthogonal square experimental design 


Analysis of Results 

In order to characterize the responses as a function of experi- 
selected: 
(a) Rectal and skin temperature at 45 min; (b) evaporative loss 
and body temperature as the time independent slopes after about 
25 min; and (c) nude weight loss and clothing moisture gain, 
based on pre and post-experiment weighings. 

Two additional quantities were derived for each experiment. 
Body storage was computed from the equation: 


mental conditions, the following measurements were 


W,C, At, 


ob 


where 


W, body weight, lb 
C, body specific heat, Btu/lb, deg F 
A, = body surface area, sq ft 
At,/A@ = time slope of body temperature, deg F/hr 


A composite index of physiological effect known as the Craig 
index was computed for all experiments from the equation: 
— HRs 


+ At, + AW, (2) 
100 


where 


HRex = maximum exposure heart rate, beats/min 
At, = rise in rectal temperature, deg C/hr 
AW,, = nude weight loss, kg/hr 


The orthogonal squares experimental plan provides a con- 
venient way of expressing the dependent variables as functions of 
the independent variables, yielding regression equations of the 
form 


¥Y = OG + Colo + ct, + OV, (3) 


The data are first grouped in the preselected levels of operative 
temperature and the values of the dependent variable are 
averaged. These averages of three points are then plotted against 
operative temperature. With this treatment the other inde- 
pendent variables are considered constant at their average values. 
The raw data are then regrouped according to the levels of the 
other independent variables and the averages plotted. The 
slopes of the lines through these averages, which have been cal- 
culated by the method of least squares, are plotted in Fig. 4. 
These yield the coefficients ¢2, cs, c, of equation (3). 

Table 2 presents the derived equations. Their standard errors 
of estimate give the intervals about the predicted values within 
which it is probable that two thirds of the data points will fall. 

Since series 2 was not a complete set of orthogonal squares but 
actually an extension of series 1, the procedure was to compare 
results and to validate the application of the predictive equations 
for the extended range of variables. Fig. 4 shows the points of 
the recent analysis with the dash lines representing points pre- 
dicted by the equations. The basic data are available in the 
Wright Field report [6}. 


Cooling Power of Ventilating Garment 


The procedure just described and the use of the storage index 
equation with the tolerance chart are certainly the simplest and 
most valid if the objective is to predict tolerance in the U.C.L.A. 
chamber. Nevertheless, the feeling exists that the procedures as 
outlined graphically in Fig. 3 are applicable to other thermal 
environments. Thus the following procedure is proposed: 

Using the basic heat-transfer equations or Fig. 3, calculate the 

storage index for the man, assuming the ventilating garment is 
not included in his clothing assembly. Next, calculate the de- 
crease in the storage index as a result of wearing the ventilating 
garment. This can be done by use of the following equation: 
Aq, = —8.3 + 0.126% — 0.037, + 1.92V,, Btu/fthr (11) 
where fo, ¢,, and V, have the same units as before. This equation 
was derived from the slopes as previously described. Fig. 5 is a 
nomogram for this equation and can be used in conjunction with 
Fig. 3. The nomogram has the advantage over the equation in 
that the range of variables is emphasized and any extrapolations 
would have to be recognized as such. 

The effective storage index is obtained from the following 
equation: 

(12) 


Qeletiective) = Yetchart) ~ Aqs(nomogram) 


Over-All Heat Balance 


The system in question may be defined in two ways: (a) Only 
that portion of the body covered by the ventilating garment 


Predictive equations: Series | experiments 


Variable 

Storage index, Btu/ft*hr 

Rectal temperature at 45 min, deg F 
Evaporative water loss, lb/ft?, hr.. 
Nude weight loss, lb/ hr... 
Clothing moisture gain, lb/hr... 
Maximum heart rate, beats/min. 
Craig index 


o 
-0. 
> 


ounnenda 


4. 
& 
0. 
4 


1.2: 
2 
2. 


AW, 
HRmmes 29to 
I 0. 
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5 + 0.24% + 0.0721, — 1.5V, 

0.013% — 0.003¢, 

5+ 4.3 K 10~% + 1.03 X 10-%, + 9.02 X 10-*V, 

0.024to + 0.0095t, 

0.011% + 0.00351, — 0.060V, 
— 0.05t, 

029% + 0.0082, 


Std. error 

of estimate Equation 
+4.28 (4) 
+0.30 (5) 
+0.012 (6) 
+0.51 (7) 
+0.13 (8) 
+8.7 (9) 
+0.46 (10) 
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Equation 
— 0.06V, 
— 0.093V, 


— 0.67V, 
_ 0.14, 





BODY STORAGE INDEX 4. eTusFT® we 


® , Time (wOURS) 


~ heaeee 





Ty! pane ORMANCE UNCERTAIN 
TOLERANCE UNCERTAIN PERFORMANCE 
COLL Aree 


CLOTHING (CLO) 


- ” 
Leceno 


Fig. 3 Graphie computation of thermal tolerance 


could be considered, or (b) the entire body of the subject. In 
order to make the data more readily comparable with previous 
work, it was decided to consider the entire body with its clothing 
assembly as our system. 

The heat gains to the system are radiation, convection, and 
metabolism. The heat losses are due to evaporation and the con- 
vective change of the ventilating garment. The sum of those 
terms should equal the storage as expressed by the equation: 


qe + Oe H+ da ~ Ge ~ We ™ Ge (13) 


The various heat terms were obtained as follows: Radiation, 
convection, and metabolism were computed according to Block- 
ley, et al. [7]. 

The evaporative loss W, was multiplied by the latent heat of 
vaporization to give the he sat lost by evaporation q,: 
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= WA, (14) 


The heat removed by the air through the ventilating suit q,, 
(neglecting evaporation since it is included in the foregoing) was 
computed from the following equation: 


(15) 


Storage rate was determined from the slope of the body-tem- 
perature-time curve and equation (1). These computed quanti- 
ties are given in Table 3. It is said that the first law of thermo- 
dynamics is merely a bookkeeping system on the forms of the 
energy so that our inability to make the over-all heat-balance 
check indicates that more research is necessary. Nevertheless, 
the magnitude of the error obtained by subtracting ¢, from 2q is 
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Table 3 Heat-balance data 


Environmental— ———Over-all heat balance———— - -— —Partition of evaporative loss—. 
conditions Btu /ft?hr——_————_—~ de = Gee + Ce + Venur 

to, be Vea ————Btu/ft*hr—_—_—_— 
deg F deg F cfm de , dev qr qeun¥ 
200 70 10 i —49.% , K ¢ —13.40 —2.40 —33 .48 
200 90 6 * , —39. 3 5 .§ . 3.2 —12.70 —2.53 — 24.67 
200 50 2 21.; — 26 , : —5.82 —2.22 — 18.06 
160 50 10 3 3.5 —38.§ j 1.§ ¢ 7 —2. — 29.42 
160 70 6 ¢ — 34.6 f § . 7.33 —2.48 —24.79 
160 90 2 38 22 .* —34.¢ 4. . 21. 3.67 —2.22 — 28.41 


120 90 10 : 7 : ¢ . 6 75 —2. — 24.06 
120 50 6 : , b ’ , 3.29 —2.50 — 1.26 
120 70 2 : ¢ : 3.6 3. 04 —2 — 10.80 
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Fig. 5 Nomograph for computing cooling power of MA-2 ventilating garment 


reasonable and lends confidence that the orders of magnitude are 
correct. 


Partition of Evaporative Heat Loss 


A persistent question regarding the ventilated clothing as- 
sembly is: ‘‘How much water is picked up by the air through the 
ventilated clothing?’’ Of course it is understood that, if the ven- 
tilated clothing kept the man in a comfort state, only the in- 
sensible loss would be removed by the ventilating air; and in- 
deed for moderate temperature levels this was found to be the 
case. Nevertheless, the range of conditions under investigation 
did cause active sweating in many experiments and attempts were 
made to measure the amount 

We do not have reliable data for all experimental conditions 
listed in Table 3 but the values given represent our best judg- 
ment. The most significant point in this part of the study is to 
emphasize the importance of head, hands, and feet in the over-all 
tolerance problem. 


Transient Experiment 


In all experiments conducted in the UCLA Test Chamber, 
the attempt has been made to insure a constant thermal en- 
vironment. The chamber is preheated above the test point so 
that, during the run, air and wall temperatures are essentially the 
same. It has come to our notice that this fact sometimes seems 
to have been overlooked with the resulting criticism that the 
published tolerance chart is too conservative. 

This transient experiment was conducted in order to emphasize 
this condition on which the tolerance chart is based. The 160— 
90—2 condition was chosen because the thermal stress is high 
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and the steady-state run at this same condition had been success- 
fully completed a few days earlier. The same two experiments 
were as nearly identical as we could make them except for the 
air and wall-temperature history of the chamber. 

Fig. 6 shows graphically the air and wall temperatures for the 
experiments. It also shows the body-temperature rise com- 
puted from the Burton equation. 

b= at, + Ad, (16) 

The experiments are directly comparabic and explain why in- 
vestigators get increased tolerance times when their test chamber 
is not preheated. 

One suggested way of applying the steady exposure data of the 
tolerance chart to the transient case is to divide the exposure time 
into equal time increments, say 5 min. Next, compute the 
operative temperature for that period of time and, by use of the 
tolerance chart, arrive at the percentage of tolerance time 
equivalent to the subject’s exposure. This procedure increases 
the predicted minimum tolerance time from 57 to 65 min. We 
note that this particular subject was in the chamber 65 and 75 
min, respectively, which shows this individual has somewhat 
greater tolerance than the predicted minimum 


Conclusions 


1 The predictive equation for the body-storage index for a 
man wearing the clothing assembly described has been checked 
for steady thermal exposure; that is, when the test chamber has 
been preheated : 

q, = —28.6 + 0.24% + 0.0721, — 1.5V, 44.28 (4) 
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Fig. 6 Comparison of transient and steady exp 
to = 160 F,t, = 9OF, V, = 2 cfm 


range 
120 — 240 F 
= 50 — 90F 
»=2-— l4cfm 


This equation is used in conjunction with the time-tolerance 
chart. 


2 A recommended procedure, for predicting the effect of en- 
vironments other than the ones studied, is to use the existing 
tolerance chart in conjunction with the following predictive 
equation: 


Ag, = —8.3 + 0.126% — 0.0371, + 1.92V, (11) 


This predictive equation is also presented in graphic form. From 
these charts, the effective storage index can be computed. 


siettective (12) 


Qe(tolerance chart) ~ Agstecmesest) 


3 A conservative method for applying the steady exposure 
data to a transient condition is suggested. This method is based 
on the division of exposure time into 5-min intervals and a 
computation is made for the percentage of tolerance time used. 

4 The importance of the head, hands, and feet in the over-all 
tolerance picture is emphasized. The partition of the water-loss 
quantities indicates that more data should be collected on this 
specific problem 
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DISCUSSION 
H. A. Mauch’ 


The author states in the introduction to his paper that, “It is 
difficult to justify any extensive program of evaluation on any 
particular clothing assembly because these assemblies soon be- 
come obsolete. Nevertheless, the principle of the ventilating 
garment is so fundamental that it is the objective of this paper 
to provide a rational basis for the prediction of thermal tolerance 
when using an MA-2 ventilating garment with a modified MK-IV 
antiexposure suit.’’ : 

It may be of interest to note that the principle of this ventilat- 
ing garment® is indeed being used or under consideration for a 

§’ Mauch Laboratories, Inc., Dayton, Ohio. 


* U. 8. Patents No. 2791168, 2897741, and foreign patents. 
see: Aeroplastics, Inc., Bridgeport, Conn. 
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number of industrial applications such as environmental protec- 
tive coveralls, ventilating inserts for hospital beds, car seats and 
seat covers, hair drying hoods, etc. This makes the author’s 
paper a particularly timely contribution. Ideally, a predictive 
formula to be used for design purposes in such cases should, how- 
ever, include additional variables which the author did not need 
in the specific case he investigated for the Air Force. In particu- 
lar, the effective clo value of the assembly and the water vapor 
pressure of the ventilating air may vary.’ Also, instead of the 
8000-ft altitude in the author’s experiments, sea level conditions 
will usually apply. 

Since the empirical investigation of the influences of five varia- 
bles would necessitate a large number of experiments, we derived 
a predictive formula by a method which combined the empirical 
and the analytical approach. This method is described in Ap- 
pendix C of the WADC Report listed by the author as Reference 

2). The formula thus derived yields the Storage Index: 


t 


q, = 0.45 — joo 


(136 — t, — p,) Btu/ft?, br 


in which: 


= operative temperature, deg F 

= mean effective clothing insulation 

= ventilating air flow, ft*/min 
temperature of vent air, deg F 
water vapor pressure, vent air, mm Hg 


The results obtained by applying this formula to the author’s 
experiments, with i... = 2.15 and p, = 5 mm Hg, correlate well 
with the results obtained using the author’s equation (4).* 

The formula also illustrates the experimental experience that 

? Variations of the water vapor pressure of the environmental air 
can be neglected, if this air is not to be used for ventilation. 

* Experience shows that, for moderate altitude variations, the 
test results do not change significantly, if the volume flow of the venti- 
lating air is maintained. 
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the ventilating effect approaches zero, when the sum of i, plus p, 
(in mm Hg) equals 136, or, to mention the two possible ex- 
tremes, when either saturated air at 95 F or completely dry air 
at 136 F is used for ventilation. 

Another interesting rule of thumb suggested by the formula is 
the fact that one can (roughly) trade one degree F of the tem- 
perature of the ventilating air against one mm Hg of its water 
vapor pressure. 

The formula is based on a metabolic rate of 20 Btu/ft?, hr 
which applies to the sitting resting position of a subject. If, in 
a practical case, the actual metabolic rate deviates from this 
value in either direction, the difference must be added to or sub- 
traced from the g, predicted by the formula, before one enters 
Section IX of Fig. 3 of the author’s paper. 

Finally, a word of caution. The author’s predictive equations 
(9) and (10) for the max heart rate and the Craig Index, respec- 
tively, are, strictly speaking, only valid for test durations as used 
by the author in his experiments and do not apply to arbitrary 
exposure times. 


Author’s Closure 


Mr. Mauch’s discussion has emphasized some of the specific 
limitations of these experiments and this is appreciated. Even 
though it is an extrapolation of these data it is suggested that the 
thermal effects of altitude and clothing can be taken care of by 
use of Fig. 3. However, variation in the water vapor pressure 
of the air to the ventilated garment is best accounted for by Mr. 
Mauch’s equation as all of our data were taken at a constant 
vapor pressure of 0.20-in. mercury. 

Another point of clarification concerns the time duration of 
the experiments. The 120 deg F and 160 deg F exposures were 
scheduled for two hr, the 200 deg F for one hr, and the 240 deg 
F for 45 min. Experiments were terminated before these times 
only when the subject’s heart rate reached 140 beats per min or 
when the rectal temperature rose to 102 deg F. 
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Heat Transfer by Laminar Flow From a Rotating Cone 





Cc. L. TIEN’ 


THE EXACT SOLUTION for the laminar flow of an incompressible 
viscous fluid over a rotating disk was first considered by von 
Karman [1]? and later was integrated numerically by Cochran [2]. 
rhe heat transfer from such a rotating disk has been studied by 
[3] and Sparrow and Gregg [4]. 
Recently, Wu [5] has pointed out that the solution for the flow 


Millsaps and Pohlhausen 


field can be used for the incompressible laminar boundary layer 
Their results are 
restricted to cases of smal! rotation, small temperature differences, 


induced on the surface of a rotating cone. 
and constant fluid properties. The effects of compressibility 
and property variations, which would be important for cases of 
large rotation and large temperature differences, were examined 
by Ostrach and Thornton [6]. The present analysis is to indi- 
cate that the heat-transfer results for a rotating disk can be also 
used for a rotating cone under boundary-layer approximations. 
This implies that the cone angle should be sufficiently large so 
that the boundary-layer character exists. 


Z 


> 


Fig. 1 Co-ordinate system of a rotating cone 


incompressible Case 

Let (2, y, z) be a rectangular curvilinear fixed co-ordinate system 
as shown in Fig. 1. Let the z-axis be measured along a me- 
ridional section, the y-axis along a circular cross section, and z- 
axis perpendicular to both zand y. Let u, v, and w be the veloc- 
ity components along z, y, and z, respectively. Since the angu- 
lar speed of the cone is assumed to be constant, the physical 
problem is axially symmetric. The governing equations under 
boundary-layer approximations are as follows: 


Ou u 


— ow 
Continuity: t + ae 


Oz 
v? (2 
=y 
z dz? 
1! Department of Mechanical Engineering, University of California, 
Berkeley, Calif. 
2 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THe American 


Socrery or Mecuanica, Enorveers. Manuscript received at 
ASME Headquarters, October 9, 1959. 
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= 0) 


Momentum: 
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(3) 
= yp - 
dz? 
Energy: 
a (4 (2 . (2 (2) 2 (* ‘| 
u— w = — — — 
ox dz pc, 2? C, dz ~ \de 


with boundary conditions: 
u(r, y u(z, ¥, °¢)= 0, 
v(2z, y, o(z,y, ©) = 0, 


w(x, ¥, 


(x, y, (z,y, ©) = ty 


The 
dinary 


partial differential system can be reduced to a set of or- 
nonlinear differential equations in dimensionless form by 
introducing the following transformations: 

u =(wzsin a) F (m), 

v =(wzsin a) G(n), 


w = (vwsin a)’/* H (n), 


("*) [X*S(n) + Qn) + Ta] 


w sin a\'/? 
9 . 
v 
w /s : 
= x sin @ 
v 


and xX 


The equations after the above transformations are 

H’ + 2F = 0 

F* — HF’ = F? — G 

G’ — HG’ — 2FG =0 

(Pr) HS’ + (Pr) H’S = — (Pr)(F’? + @’*) 

Q” — (Pr) HQ’ = 0 
with the boundary conditions becoming 
F (0) = 0 
G (0) 
H (0) 
S (0) 
Q(0) 


F(e)=0 


G(e)=0 


- Se Q(#)=0 
The first three equations (1), (2), and (3) with the correspond- 
ing boundary conditions integrated numerically by 
Cochran [2]. The last two equations (4) and (5) were integrated 
by Millsaps and Pohlhausen [3] for a range of Prandt] numbers 
from 0.5 to 10. If dissipation effect is neglected, Equation (4) 
disappears and Sparrow and Gregg [4] recalculated the results for 
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fluids of all Prandtl] numbers. Similar heat-transfer results can 
be obtained from [4] for the present case of a rotating cone. For 
a given fluid, the variation of the heat-transfer coefficient with 
angular velocity is given by 


h~ w'/ 
For the limiting situations of very low and very high Prandtl 


numbers, the following asymptotic expressions for the heat trans- 
fer can be obtained as 


) k = 0.88447 Pr Pr— 0 


sf 
@ sin @ 


1 
v vig 
h ( — :) k = 0.62048 (Pr)'/? Pr-—> @ 
W sin @ 


For a nonisothermal rotating cone with a variation of sur- 
face temperature in the following manner 


t = Az", 


w— be 


the energy equation with boundary-layer approximations 
negligible dissipation effect becomes after the transformation 


Q” — (Pr) HQ’ — mFQ = 0. 


The numerical solution to the above equation and the heat- 
transfer results have been obtained and discussed by Hartnett 
[7] for a Prandtl number of 0.72 (for air) and values of m ranging 
from 0 to 10. 


Compressible Case 

It was shown [6] that the viscous dissipation is negligible 
for the compressible flows in which a relatively highly heated or 
cooled disk is rotating with a moderate velocity. With negligible 
dissipation effect the governing equations under boundary-layer 
approximations in the rectangular curvilinear co-ordinates for an 
axially symmetric compressible viscous flow are as follows: 


) 
Continuity: (pzu) + — (pw) = 0 
oz 


zr Oz 


du re) 


M t ( F ( ou ) 
Jiomen ° = pad w — amu 
nentum p u ae ? dz a dz 

u— y— + — = — 
a ‘e oz 2 dz “ oz 

( dt at ) d ( at 
pc, u-—— + Ww - =—=— k— 
oz oz | oz oz 


The boundary conditions for the present case are the same as 
those in the incompressible case. 

Assuming linear variations of viscosity and conductivity with 
temperature [6], we have 


Energy: 


w= Cy. /p, k = CC,u,/Prp 


where C is constant, 6 = p/p,. and subscript ~ denotes quantities 
at undisturbed region. With the following transformations: 

u = (wz sin a) F (yn), 

v = (wz sin a) G(m), 

w = (Cy, wzsin a)/*H (n)/p, 

t = Q(n) (t, — ta) + ta, 


oa V/s 
7=C i f Gas “ade, 
0 


the governing equations for the flow and temperature fields 
become the same as those in the incompressible case of negligible 
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dissipation effect. Thus the solutions to the compressible case 
can be obtained from the solutions for the incompressible 
case. It is seen from the transformation that the effect of com- 
pressibility is to distort the co-ordinate and velocity component 
normal to the cone surface. 

For the heat-transfer results, it can be shown that for Pr = 
0.72 and C = 1 (implying small temperature differences), 


Vs 
Vw 
h (— : ) k. = 0.329 
@Wesna 
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Apparent Emissivity and Heat Transfer 
in a Long Cylindrical Hole 


E. M. SPARROW! AND L. U. ALBERS? 
Introduction 


THE RADIANT INTERCHANGE within a long cylin- 
drical hole was first analyzed by Buckley [1]* in 1927. A com- 
pletely independent study was made by Eckert (refs. [2, 3]) 
in 1935. The formulation of the problem was carried out along 
similar lines by both investigators, and it was found that the 
radiation process was governed by an integral equation. Solu- 
tions, however, were obtained by completely different methods, 
both of which were approximate. Fair agreement between the 
results is found to exist for high and moderate values of the sur- 
face emissivity. For low emissivities, significant discrepancies 
occur. 





Both calculation procedures are potentially of great utility in a 
variety of problems in radiant heat transfer, but neither has yet 
been verified. The present investigation is part of a study to 
discover and evaluate approximate techniques for solving radia- 
tion problems. The purpose of this note is to report on accurate 
numerical solutions for the long cylindrical hole, and with this 
information, to test the accuracy of the previous approxi- 
mate solutions. Heat-transfer results are presented and dis- 
cussed. 

The physical system under consideration is shown schemati- 

' Formerly, NASA Lewis Research Center. At present, Professor 
of Mechanical Engineering, University of Minnesota, Minneapolis, 
Minn. Assoc. Mem. ASME. 

? NASA, Lewis Research Center, Cleveland, Ohio. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of Tue AMERICAN 


Socrery or Mecuanicat Enoineers. Manuscript received at 
ASME Headquarters, March 7, 1960. 
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Fig. 1 Semi-infinite cylindrical cavity 


cally in Fig. 1. The mouth of the cylindrical hole is taken as 
the origin of co-ordinates, x = 0. The hole extends to an 
indefinite length in the positive z-direction. The cylindrical 
wall has graybody emissivity €, reflectivity p = 1 — ¢, and is iso- 
thermal along its entire length. Radiation from the outside 
environment is not included in the analysis; but, since the 
problem is linear, this can be computed independently and then 
added to the results discussed here. The hole is filled with a 
nonparticipating gas or else, a vacuum. 


Analysis 

Attention is directed to some typical location z» on the wall. 
The radiation flux leaving x is composed of two parts: Emitted 
energy and reflected energy. The emission per unit time and 
area is given by the usual expression eo7'*. To describe the 
reflection, we introduce the symbol H(z») to denote the energy 
incident on z per unit time and area. Thus the amount pH 
is reflected. Then using B(z») to represent the combined radiant 


flux leaving xo, we have 


B29) 


pH (2) 
oT 


oT* 


B(2o) = eoT* + pH(z) or =€+ 
The last form of this equation compares the energy leaving the 
surface to the emission of a black body. Introducing the ap- 
parent emissivity €, 


€, = B/aT* (2) 
there is obtained 


a“ (3) 

oT 
Since the incident energy is always positive, it is clear that the 
apparent emissivity will always exceed the actual emissivity. 
A knowledge of the apparent emissivity is of first importance in 
interpreting pyrometry data. In order to use Equation (3) 
it is necessary to know the incident energy H(z). It is easy to 
see that the energy incident at 2» is related to the energy which 
leaves all other locations along the wall. The expression for 
H(2o) is derived in the references and need not be repeated here. 
Utilizing those findings, Equation (3) may be written as 


€,(Xo) =e +(1 — of €,(X) 
0 
2(X — Xo)? +3 


iz = Edie ~ ——; 4 
‘2X — X,)* + ant = 


where 
X = z/d, Xo = x/d 


This is an integral equation since the unknown variable e€, 
appears under the integral sign as well as in other parts of the 
equation. The called the 
the integral equation. 

The approximation procedure used by Buckley in solving this 
equation is as follows: First, he approximated the kernel by 
fitting it with an expression composed of a sum of n exponential 
terms. Then using a theorem due to Whittaker (ref. [1], p. 
758), he reasoned that the solution for €, should have the form of 
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quantity in braces is kernel of 
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a sum of n exponentials, plus a constant term. The proposed 
solution contains certain unknown constants, which are found 
by substituting back into the integral Equation (4). Buckley 
applied this method for € = 0.1, 0.25, 0.5, and 0.75 using both 
one and two term expressions for the kernel, with increasingly 
closer agreement between the results as € increased. Fore = 0.9, 
calculations were carried out only for the one term exponential 
kernel. A very different approximation method was used by 
Eckert. He started by supposing that the variation of €, with X 
could be represented by a broken curve composed of n straight 
line segments. The constants in the linear equations were 
Then 


he used this broken line expression as a first approximation in an 


selected by satisfying the integral equation at n locations 


iteration scheme, introducing it into the right side of Equation 
(4). 
(and presumably improved) expression for €, becomes available. 
Eckert terminated the iteration at this point, although in princi- 
ple it might be continued. He applied this procedure for € = 0.1, 
0.3, 0.5, 0.7, and 0.9 using for all cases a starting curve consisting 
of three straight lines. 


When the integration is carried out, it is clear that a new 


In the present investigation, accurate solutions of the governing 
integral, Equation (4) have been obtained by numerical means in 
conjunction with an electronic digital computer. The procedure 
was one of iteration, with the necessary numerical integrations 
being carried out by Simpson’s rule.‘ Of course, in any numeri- 
cal scheme, the range of integration cannot extend to infinity. 
So, in handling the integral in Equation (4), cognizance was 
taken of the fact that €, approaches unity for large values of z 
and in this range, the integration was carried out analytically.* 
Numerical solutions were obtained for € values of 0.1, 0.25, 0.5, 
0.75, and 0.9. The results thus obtained will be discussed below. 


Results 


The variation of the apparent emissivity with position, as 

4At X = Xo, the integrand has a discontinuous derivative. To 
avoid integration errors, a trapezoidal formula was used on either 
side of the discontinuity whenever the discontinuity was at an even 
numbered point. 

5 When «, = 1, the integral from some location X; to infinity is: 
{((X. — Xo)? + 1]'/2 — 0.5 [((X1 — Xo)? + 1])—-2 — (Xi — Xo). 

















I 





20~C«S 30 
a/d 


Fig. 2 Apparent emissivity and local heat transfer in a long cylindrical 
hole 
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found from the numerical solutions of Equation (4), is shown in 
the upper part of Fig. 2. For any given ¢ value, it is seen that 
the apparent emissivity approaches unity as z increases. In 
other words, for sufficiently large x, the energy leaving the surface 
is equal to the black body emission o7'‘, regardless of the € value.* 
The higher the emissivity € of the surface, the shorter the length 
required to achieve the black body condition ¢, = 1. For any 
given ¢, the apparent emissivity is a minimum at the mouth of 
the hole, since it is here that the incident energy (and hence the 
reflected energy) is least. The numerical value of €, at the mouth 
of the tube is found to be +/e, and this corroborates the analytical 
finding of Buckley. 

Now, we turn to the comparison of the previous solutions with 
the more exact results of the present investigation. For each ¢ 
value, the maximum deviation of the prior results from the cur- 
rent ones is given in Table 1. The greatest deviations occur for 
€ = 0.1, and a slightly more detailed presentation for this case is 
made in Table 2. In constructing the tables, it was necessary to 
read Eckert’s results from a graph, while Buckley’s solutions 
were available in analytical form. 

Table 1 Maximum deviation of «. from present results 
0.9 0.75 05 0.25 0.1 


—0.0013 0.0024 0.0064 0.014 0.026 
—0.015 —0.015 —0.18 


e-> 
Buckley 
Eckert 


Table 2. «, results for « = 0.1 
z/d— 1 2 3 
Present 0.646 0.807 0.891 
Buckley 0.659 0.831 0.917 
Eckert 0.54 0.63 0.77 


4 5 
0.937 0.963 
0.958 0.980 
0.84 0.89 


From the tables, it is readily seen that Buckley’s results are of 
good accuracy over the entire range of € values, with the best 
accuracy found at the higher ¢. Eckert’s results are also of 
acceptable accuracy for high and moderate € values; but at low e, 
marked deviations are evident. However, this does not mean 
that Eckert’s procedure is fundamentally inferior to that of 
Buckley. Rather, it means that a somewhat finer approximation 
is needed when Eckert’s procedure is applied to low € values 
For instance, instead of truncating the procedure after one 
iteration, a second one might be carried out. Alternately, instead 
of starting with a broken line curve of three segments, a four-seg- 
ment curve might be used. 

It is apparent from these comparisons that both calculation 
procedures hold great promise as powerful tools in solving radia- 
tion problems. It is also indicated that in applications, especially 
in the low € range, results should be checked by repeating the 
procedure to a finer approximation. 

Once the results for the apparent emissivity €, are known, the 
heat transfer is readily computed. The net local heat transfer ¢ 
per unit area is the difference between emitted energy and the 
absorbed incident energy at any position 2, i.e., 


q = eoT* — aH (5) 
Noting that ¢€ = a@ for a graybody and utilizing Equation (3), it 


follows that 


€ 
go (h- gy) 


tea 
oT* 


So, q is obtained from ¢, by a simple arithmetic operation. Uti- 
lizing the ¢€, results from the upper part of Fig. 2, heat-transfer 
results have been computed and are plotted on the lower part of 


* This is identical to what occurs in an isothermal enclosure under 
thermal equilibrium conditions. 
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the figure. To avoid obscuring the results, the curves for ¢ = 
0.25 and 0.75 have been omitted. From the figure, it is seen that 
near the mouth of the hole, there is a higher loca] heat transfer 
associated with the high emissivity surfaces. The opposite is 
true in the interior of the hole. 

Finally, the total heat Q which is transferred out to the sur- 
roundings is obtained by integrating the local values. Results 
calculated in this way are listed in Table 3 


Table 3 Over-all heat-transfer results 
=> 0.9 0.75 0.5 0.25 
Q 


—*— 0.959 0.914 0.831 0.677 
7; veT* 


0.1 
0.495 


The tabulation gives the ratio of the energy radiated from the 
hole relative to the black body emission from a disk just equa! to 
the hole cross section. So, this represents an average apparent 
emissivity for the hole as seen by an observer outside the hole. 
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On the Variable-Density Single-Fluid Model 
for Two-Phase Flow! 





NOVAK ZUBER? 
Introduction 


TWo-PHASE FLOW bears a similarity to nonisothermal single 
phase shear flow in that the velocity field is characterized not only 
by the Reynolds modulus, but it depends also upon the density 
gradients in the fluid as well as upon the direction of flow, ice., 
whether the flow is co-gravity or counter-gravity. In a recent 
paper Bankoff [1]* proposed a model for turbulent, co-current 
flow of liquid and gas or vapor through a pipe or channel, which 
assumes the fluid to be of a single phase whose density is a func- 
tion of radial position. Because visual observations of the bubble 
flow regime indicate that, in the counter-gravity flow, the vapor 
phase tends to be concentrated near the center of the vertical 
pipe Bankoff observed that his model should describe this flow 
regime. The purpose of this note is to see to what extent this 
may be true. 

Assuming that the radial void fraction and the velocity are 
given by power-law distributions, Bankoff derived the following 
equation for the ratio of the mean velocities of vapor and liquid‘ 


u”/u’, in terms of the mean local void fraction a, 
eg RK (1) 
u’ K-a 
This work was performed as a part of an investigation of boiling 
water reactor stability, sponsored by the Reactor Safety Branch, 
U. 8. AEC under contract No. AT (04-3)-165. 
? Research Laboratory Ramo-Wooldridge Corp., Los Angeles, Calif. 
? Numbers in brackets designate References at end of paper. 
* This ratio is often referred to as the “‘slip velocity ratio.” 
Contributed by the Heat Transfer Division of Tue AMERICAN 
Socrery or Mecuanicat Enoineers. Manuscript received at 
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The flow parameter K is determined by the exponents of the 
velocity and of the void distribution; it is therefore a function of 
at least pressure, quality, and mass flow rate. Because of in- 
sufficient experimental information the value of K was not 
directly predicted by Bankoff. However, he was able to show, 
analytically, that for circular pipes the effective range of varia- 
tion of K is from about 0.5 to 1.0. For an assumed value of K = 
0.89 good agreement was reported with Martinelli-Nelson cor- 
relation for steam-water void fractions and frictional pressure 
drops over a range of pressure from 100 to 2500 psia and void 
fractions from 0 to 0.80—0.85. 

It will be shown in this note that Equation (1) is in agree- 
ment with experimental data reported by Russian research- 
ers [2, 3, 4, 5, 6]. It will be seen also that the range of varia- 
tion of the flow parameter K (0.5 < K < 1) predicted by 
Bankoff is in excellent agreement with the values determined from 
these experiments. Because Russian experiments were per- 
formed over a wide pressure range (3 atm to 200 atm), it is possi- 
ble to determine the values of the flow parameter K asa function 
of pressure and, at a given pressure, to determine the range of void 
fraction a, for which the flow can be described adequately by the 
variable density model. 


The Bubble Flow Regime 

In shear flow the largest velocity gradients occur in the vicinity 
of the solid surface. A bubble located in this region is acted 
upon by the lift due to the Bernoulli effect and by the lift due to 
the Magnus effect,’ both acting in the direction perpendicular to 
the surface of the duct. In counter-gravity flow these two forces 
act in the same direction, whereas in co-gravity flow they oppose 
each other. Consequently, in counter-gravity flow the bubble will 
migrate toward the center of the duct, whereas in co-gravity flow 
it will seek a location off center. Similar considerations apply to 
a bubble population; in this case, as analyzed by Bankoff, be- 
cause of random contacts between bubbles there is also a driving 
force which tends to produce bubble diffusion toward regions of 
lower bubble concentration. In steady-state these forces balance 
each other at every point and determine the vapor distribution 
across the pipe. The nonuniform vapor distribution across a 
pipe is clearly indicated by the experimental results reported by 
Petrick [7] and by Wallis and Griffith [8]. 

Through the buoyancy bubbles affect the flow conditions and 
thereby affect the velocity distribution in the liquid. The effects 
of the vapor distribution and of the velocity distribution are inter- 
dependent, consequently, the velocity profile in counter-gravity 
two-phase flow is more pronounced than in single phase flow. 
Because the vapor phase is concentrated in the high velocity re- 
gion it will be transported at a faster rate than it would otherwise 
be were the distribution uniform across the duct. Thus the 
mean velocity of the vapor u” will be larger than the mean ve- 
locity of the liquid u’, although at any point the liquid and the 
vapor move at the same rate.* 

An analysis of experimental data which considers one-dimen- 
It is 
seen how this approach leads to the conclusion of the existence of 
a slip velocity (u” — u’ 


sional effects only is based, necessarily, on the mean values. 


> 0), and how it introduces the concept 
of a slip velocity ratio larger than one, i.e., of u”/u’ > 1. 


Comparison of the Variable Density 
Model With Experimental Results 


Because of the nonuniform radial distribution of the vapor 
phase the mean vapor volume fraction a, which is determined by 


‘A circulation is induced by the nonuniform shear acting on the 
bubble. 

* This statement is correct provided that the bubble velocity rela- 
tive to the liquid at rest is neglected. For water at 1 atmosphere 
this relative velocity is of the order of 25 cm/sec. 
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static measurements (for example, by x-ray) is not equal to the 
vapor volumetric flow concentration which is defined by 


Vv" ue” 


= oe 2 
B Vv’ + Vv’ (2) 


ua” + U9’ 

The value of 8 can be determined by metering the two phases sepa- 
rately before mixing. The deviation of the ratio a/8 from unity 
is a measure of the nonuniform vapor concentration. To form 
this ratio we use the definitions of the linear and superficial 
velocities 


e 
we 


‘ — - 
A’ 


(4) 


l-a 


Substituting Equations (3) and (4) into Equation (2) it follows 
that 


a a = aj’ + u’a 


> om (5) 
B u" 


Because the values of u’ and u” are not measured it is advanta- 
geous to define a coefficient C given by 


C- (1 — a@)u’ + au’ 


u" 


Equation (5) then becomes 


=C (7) 


B 


It follows from Equations (7) and (6) that when the slip velocity 
ratio u”/x’ equals unity then C = 1 anda = 8. Thus the devia- 
tion of C from unity, i.e., the inequality between the vapor vol- 
ume fraction @ and the vapor volumetric flow concentration 8, 
is an indication of the concentration of the vapor phase in the 
high velocity region and therefore of the two-dimensional charac- 
ter of the flow. Because both a and 8 can be determined sepa- 
rately, Equation (7) was used by Russian researchers to investi- 
gate the character of two-phase flow. 

Russian experiments were performed with air-water and 
steam-water mixtures in forced flow through circular ducts. 
The vapor and the liquid were mixed before entering the test 
section. For air-water mixtures flowing through vertical and 
horizontal pipes the void fraction a was determined by weighing. 
It was reported that, up to a value of 8 = 0.9, the relation be- 
tween a and § was given by 


 « 0.833 (8) 
B , 


For steam-water mixtures, @ was determined from pressure drop 
measurements and correlations for two-phase flow. Data from 
references [2, 3, 4, 5] are shown in Fig. 1, which is reproduced 
from these reports. 

Kholodovski [6] used Equation (6) to correlate all Russian 
data for steam-water mixtures; the correlation is claimed to be 
valid for two-phase flow of air and water as well as for liquid 
metals. The coefficient C depends upon liquid properties, pres- 
sure, and mass flow rate. The effect of flow velocity appears as 
a multiplying factor in Equation (7), thus 


i (9) 


u" B 
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Fig. 1 The experimentally determined relation between a and 6 as 
functions of pressure for water in forced-circulation. (This figure is 
reproduced from the papers by Armand, Refs. [2], [3], [4], [5].) 


The values of C for a vapor-water mixture as function of pressure 


are given in Table 1, which is reproduced from Reference [6 


Table 1 


Pressure, 

kg/cm? = 
799 
808 
827 
.830 
850 
856 
904 
911 
938 
975 


Pressure, 


The units for the velocity are meters/second. It can be seen from 
Equation (9) that the effect of flow velocity is small; conse- 
quently, as a first approximation, the coefficient C can be taken 
as a parameter which depends upon pressure only. It can be seen 
from Fig. 1 that, at a given pressure over a large range, a can be 
linearly related to 8; thus, in this range, the coefficient C is con- 
stant. The limits of this range are discussed and correlated in 
Reference [6]. 

In order to compare the variable density model with experi- 
mental results we shall relate Equations (1) and (6). So!ving for 
the slip velocity ratio it follows from Equation (6) that 


10 


If we identify the coefficient C with the flow parameter K, 
Equation (10) becomes identical with Equation (1) derived ana- 
lytically by Bankoff. Moreover, the range of variation of K 
(0.5 < K < 1.0) predicted by Bankoff is in good agreement with 
Equation (8) and with the values shown in Fig. 1 and in Table 1 
It is also in good agreement with the values reported by Kholodov- 
ski [6] for a vapor-mercury system in the pressure range from 
2.5 kg/cm? to 15 kg/cm’. 
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Discussion 


In order to evaluate the performance of a boiling system it is 
necessary to predict the vapor volume fraction a. In an analysis 
of experimental data there is a choice of several variables which 
can be used to express the dependence of a, upon the characteris- 
tics of the system and experimental conditions. One of these 
variables which has been found useful is the slip velocity ratio 


coe oreeate (1) 


l1—2z a p 
The results of Russian investigations indicate that, at a given 
pressure over a considerable range of 8, the value of the co- 
efficient C, i.e., the value of K, remains constant. In this range, 
Equation (1) shows that the slip velocity ratio is a function of 
one variable only, i.e., of a, instead of two, i.e., of the quality 
and of the vapor volume fraction as indicated by Equation (11). 
This fact introduces considerable simplifications in an analysis of 
a two-phase flow system. We note also that the slip velocity 
ratio is increasing monotonically with a. 

It is important to observe that Russian experiments were per- 
formed with circular pipes (diameters ranging from 2.5 cm to 7.6 
em) and water circulation velocities ranging from 0.1 m/sec to 
1.6 m/sec. In view of the simplification which Equation (1) in- 
troduces into the analysis of a two-phase flow system an investi- 
gation with rectangular channels appears desirable. 


Nomenclature 


cross-sectional area of the duct, ft? 
cross-sectional area occupied by the liquid, ft* 
cross-sectional area occupied by the vapor, ft? 
mean velocity of the liquid, ft/hr 
mean velocity of the vapor, ft/hr 
V’/A = superficial velocity of the liquid, ft/hr 
V"/A = superficial velocity of the vapor, ft/hr 
volumetric flow rate of the liquid, ft*/hr 
volumetric flow rate of the vapor, ft*/hr 

p’V’ 
p’ V’ + p” V’ 

x = vapor volume fraction 

A’ + A’ 

ye 
V'+vV" 
flow parameter 
flow coefficient 
density of the liquid, lb/ft* 
density of the vapor, lb/ft* 


= quality 


= volumetric flow concentration 
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Nearly Quasi-Steady Free Convection 
Heat Transfer in Gases 





E. M. SPARROW! and J. L. GREGG’ 
Introduction 


IN FREE convection problems where the surface temperature 
varies with time, heat-transfer computations are often carried out 
under the assumption that quasi-steady conditions prevail. 
That is, it is supposed that at each and every instant there exists 
an instantaneous steady state and, as a consequence, the steady 
The 


tremendous practical simplification embodied in the quasi-steady 


heat-transfer relationships may be applied instantaneously. 


assumption is that it avoids the exceedingly difficult problem of 
solving for the details of the unsteady velocity and temperature 
fields 

However, there is always a difference between the actual in- 
The extent 
of the deviation depends both on the rapidity of the changes in 


stantaneous heat transfer and the quasi-steady value 


surface temperature and on the response characteristics of the 
fluid. 
deviations from the quasi-steady condition and to find a criterion 


The aim of this analysis is to determine the first-order 


to distinguish when the heat transfer is essentially quasi-steady. 
rhe system chosen for study is a vertical plate suspended in a gas 
The surface tem- 
but is permitted to take on 
arbitrary, but continuously differentiable, variations with time. 


Prandtl number = 0.72) as pictured in Fig. 1. 
perature 7’, is spatially uniform 

The rather sparce previous analytical work on unsteady free 
convection has been primarily focused on the special problem of 
a sudden step change in surface temperature or heat flux, for 
example, reference [1]. A very recent paper [6] which appeared 
after the completion of the present study discusses the particular 
temperature variations which give rise to similar boundary layer 
solutions 








(0) 


Fig. 1 Physical model and co-ordinates 
Analysis 

rhe unsteady free convection problem is governed by the basic 
and energy. The 
boundary layer form of these laws for buoyancy-induced flow of 
a perfect gas (p 


conservation principles—mass, momentum, 


pRT ) over a vertical plate is 
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Viscous dissipation and work against the gravity field have been 
neglected in accordance with the usual practice in free convection, 
but fluid property variations have been retained. By affixing 
the plus-minus signs to the buoyancy force in equation (2), we 
are able to simultaneously treat both the situations where 7’, > 
T.. (plus sign) and where 77, - 
Fig. 1 

The conservation of mass equation may be satisfied by defining 


a stream function y as follows [3] 
y 
p iv) la) 
9 Pe 


Then by replacing V, and V, in favor of w and introducing the 
following new variables 


T.. (minus sign), as pictured in 


. : dr 


_ Po Wy (2 ~ 2s 
p dy’ p 


equations (2) and (3) become 


oy oy dy oy oy 


oYor a oz OY? 


dYa oY 


2a 


00060, «6 AT Co sO oy 26 Ve oO 
. * oY ~ Oe : oY? 


(3a) 
ot AT oY oz or OY Pr 


where 


AT=(|T,-—T.|, AT = dAT)/dt, AT =dXAT)/dt? (4b) 


In the derivation of equations (2a) and (3a), the gas properties 
have been represented by: pu = const; pk = const; c, = const. 

As has already been noted, our goal is to investigate the devia- 
tions of the actual instantaneous heat transfer from the quasi- 
steady value. With this in mind, it is natural to seek solutions 
for the temperature and velocity distributions in the form of a 
series expansion about the quasi-steady state. So, the stream 
function YW and the dimensionless temperature 6 are written in 


the form 
Y = [64g AT vy, *4*/T o)'/*{ F(m) + dofoln) + Mifi(m) + 
8 = O(n) + AG) + Aly) +... 
where 
9 = (¥/z'/*)(g( AT)/4v..°T 2) '/* 


while the expansion parameters Ao, A;, . . . are defined by 


ATT zT. |” A7Tf zT. 
m= el, ae Slash. 
AT Lg@(AT) AT Lg@(AT) 
*It has been shown in reference [2] that, for a perfect gas, the 


ge ‘ 
T — Ta). 
T. ‘ T 


(6b) 


buoyancy force g(pa — ») reduces identically to 
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The variable 7 may be immediately recognized as the Schmidt and 
Beckmann similarity variable, while the functions F() and O(n) 
are associated with the quasi-steady temperature and velocity 
distributions. It can be easily shown that the expansion parame- 
ters As, Ai, . . . each represent the ratio of two times; namely, the 
time required for impressed changes in wall temperature to dif- 
fuse across the boundary layer divided by a time which charac- 
terizes the rapidity of the wall temperature changes. Clearly, if 
the boundary layer responds promptly to impressed changes (i.e., 
relatively small diffusion times and small \ values), then the state 
will be essentially quasi-steady. 

Returning to the differential equations (2a) and (3a), we intro- 
duce the series for Y and 0, grouping terms according to whether 
they are multiplied by Ao, A; . From this, there results the 
following set of ordinary differential equations: 

0” + 3(Pr)FO’ = 0 @(0) = 1, Of”) =0 (Ta 
+ 3FF" — 2AF’)?+0=0 
F(0O) = F’(0) = 0, Fo) =0 
+ Pr(3F0,’ — 2F’@) — Pr(20 + 0.590’ — 5f,0’) = 0 
6(0) = O(e2)=0 (8a 


+ 3F fo’ — 6F'fo’ + 5F''fo — (F’ + 0.5nF” — &) = 0 
FAO) = fo’(0) = fo’( co ) = QQ (Rb 


where we now truncate the series after the Ay terms. Inspection of 
the differential equations shows that the functions 0, %, . . . and 
FP, fo, . must be computed in sequence, i.e., % cannot be com- 
puted without a prior knowledge of 8. This circumstance requires 
that we restrict ourselves to time-dependent wall temperatures 
for which the A, form a rapidly decreasing sequence with increas- 
ing n and further, that A» be small relative to unity. The bound- 
ary conditions on equations (7) and (8) were determined from the 
physical conditions that V, = V, = Oand T = T,, at y = 0 and 
that V,—~Oand T7~T, asy— @. 

Equations (7a) and (7b) may be recognized as coinciding with 
the governing equations for the steady-state free-convection 
problem. A solution for Pr = 0.72 (gases) has been obtained 
by Ostrach [4], but it was necessary to re-solve to greater ac- 
curacy for present purposes. Then, using this solution as input 
data, equations (8a) and (8b) were also solved for Pr = 0.72. 
The important numerical results to be used in the heat-transfer 
computations are: 

06'(0) = —0.5046, (0) = —0.7721 (9 
A graph of the functions 0, &, and F’, fo’, respectively associated 
with the temperature and velocity profiles, is given in Fig. 2 


Heat-Transfer Results 

Local and Over-All Heat Transfer. The instantaneous local heat 
flux at the plate surface, qinst, may be calculated by application of 
Fourier’s law: q = —(k OT/dy)y-0. After introducing the series 
expansion (5b) for @ and taking account of the definition (6a) of 
n, the expression for g becomes 


k~( AT) Gg AT) 
a/s 4y..*T'o 


fimt = — 


Ve 
] [0’(0) + AoH’(0) +...) (10) 


where 0’(0), 0:'(0) are abbreviations for (dO/dn)neo, . . . 
The quasi-steady heat transfer q,, is given by 


k.(AT) AT) 14 
z A“ ) E a 00) 1) 


too ™ x 4v..*T' » 


Then the important relationship between the instantaneous and 
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1} ~0.1 


Fig. 2 The functions 0, 6, F’, and f,” 


quasi-steady heat transfer is found by combining equations (10) 


and (11) 
hn 2T i/s 
—2. .2- Pr = 0.72 
7 | a5: | + r ‘ 


where we have evaluated A, from equation (6b), and the numerical 
values of 8’(0) and 6)’(0) appropriate to Pr = 0.72 have been 
used. Since AT’ as defined here is always positive [see equation 
(4b)], it follows that the instantaneous heat transfer exceeds the 
quasi-steady value when IT. _ zi increases with time (AT > 0) 
and is less than quasi-steady when this temperature difference de- 
creases with time. Of course, this remark is strictly true only 
when the previously noted restrictions on A,, are fulfilled. 

An alternate form of the results may be obtained by introducing 
local heat-transfer coefficients as follows: hinss = qinst/AT, 
h.. = qq:/AT. Then equation (12) may be rephrased as 


hinet AT aT’. V/s 
= 1 | ore 
1+ 1.5 Fra + , r 


ha, AT 

Finally, if consideration is given to the over-all heat transfer Q = 
L 

f q dz, it is found that 


0 
Qinst AT LT. V/s 
— = 0.918 — —— we 

a FS =e 


(12) 


Pr = 0.72 (13) 

Criterion for Quasi-Steady Heat Transfer. We now proceed to 
derive a criterion for distinguishing the conditions under which 
the quasi-steady relationships may be applied with sufficient ac- 
curacy in unsteady heat-transfer computations. Suppose that an 
accuracy of 5 per cent is considered sufficient for the local heat 
transfer for many applications. Then, from equation (12), we 


find that when 
A 7. V/s 
a | 2 . ] < 0.033 


mee 14 
AT | WAT) (14) 


the state can be considered as quasi-steady for heat-transfer pur- 
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poses. If an accuracy of 2 per cent is deemed desirable, then the 
constant appearing in equation (14) becomes 0.013. Again, these 
remarks strictly apply when A) dominates over the other expan- 
sion parameters. 

As a simple illustration, suppose that the plate temperature in- 
creases as AT’ At. Then, using equation (14), quasi-steady 
heat-transfer conditions prevail when 


ey. 
gA 
If A 1 ft, and 7’, 


transfer is quasi-steady after 25 sec 


1 deg F/sec, z 560 deg F abs, the heat 

In connection with our analytical findings, mention might be 
made of the experiments of Eckert and Soehngen [5]. Their ap- 
paratus consisted of a copper plate preheated in a furnace and 
then suspended vertically in air to cool by free convection and 
radiation. The heat-transfer measurements were reported as 
steady-state results. For the conditions of the experiment, we 
have computed that (A7T/AT')(zT’.. /g( AT)] =~ 0.0003. 


paring with the quasi-steady criterion. equation (14) 


Com- 
, it is seen 


that the data were properly interpreted by the experimenters. 


Closing Remarks 


Since the response of a turbulent flow should be more rapid 


than that of a laminar flow, the criterion for quasi-steady condi- 


| 


tions derived here should certainly also serve for turbulent flow 
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The Effect of Mass Transfer on Free 
Convection’ 





R. EICHHORN’ 


Consideration is 


given to the constant property lamina 


convection and mass transfer 
lt is shown that similar solutions a ‘ble for blowi 
It ts shown that similar solutions are possible for blowing rate 


voundary layer equations with free 


tributions varying as the distance from the leading edge raised 
to the power (n — 1)/4 where n is the exponent in a power 
Solutions to the equations 
in the form of skin friction and heat-transfer parameters, and 
elocity and temperature profiles are presented for the constant 
> 


wall temperature case for a fluid with Pr = 0.73. 


law surface temperature distribution 


The cases 
considered range from strong suction to strong blowing 

Mass transfer has a pronounced effect on the heat transfer but 
only a slight effect on the skin friction. In light of the solutions 
presented, these effects are shown to be physically rational. 
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Introduction 

REcENT literature displays much interest in the possibility of 
reducing heat transfer to high-speed aircraft and missiles with 
mass transfer or ablation cooling. Also the problem of mass 
transfer has been of perennial interest to the chemical engineer. 

To obtain an estimate of the effect of buoyancy forces on a flow 
with mass transfer, we present here the results of numerical solu- 
tions of the boundary layer equations for a fluid with constant 
properties and Pr = 0.73 in free convection flow and for several 
values of the blowing parameter ranging from strong suction to 
strong blowing. The case treated corresponds to a vertical flat 
plate with uniform wall temperature 


Analysis 

We consider a vertical flat plate as sketched in Fig. 1 from 
whose surface is ejected a fluid having the same physical proper- 
ties as the quiescent ambient fluid but having a different tem- 
perature. Motion within the boundary layer will be assumed to 
result from buoyancy forces due to temperature differences 
Under these conditions the mass diffusion equation does not 
enter 


x/ 


y——_ 


Fig. 1 Co-ordinate system 

The only difference between the problem considered here and 
the usual free convection problem enters through the boundary 
For this reason and for the sake of brevity we will 
not present the derivation of the equations here. A rather com- 
Taking the equations 
of motion in the Prandtl boundary layer form and performing the 
usual operations leading to similar solutions gives the equations 


f'"' + (n + 3)ff" — An + lf? +0=0 (1) 
0” — Pr[4nf’ — (n + 3)f0’] = 0 2) 


conditions. 


plete treatment is given in reference [1].* 


where f and @ are the dimensionless stream function and tempera- 
ture, respectively, both functions of n defined by 


y {Gr Vs f 


Primes in Equations (1) and (2) denote differentiation with re- 


* Numbers in brackets designate References at end of paper. 
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Fig. 2 Heat transfer and skin friction results, uniform wall temperature, Pr = 0.73 


spect to 7 and the term n is determined by the wall-temperature 
distribution, given by 


T, -T. Bx" 
The Grashof number in Equation 
1 


_ B2XT 


yp? 


3) is given by 


— Zs 


Gr 


where g is the acceleration due to gravity, 8 is the coefficient of 
thermal expansion, v is the kinematic viscosity, and z is the dis- 
tance measured from the lower end of the plate. The distance 
normal to the plate is denoted by y. 

The velocities in the z and y-directions and the temperature 
distribution are given by the equations 


respectively. 


The boundary conditions in the physical system are: 


yr @ 


T—-T, 
u—-0 
v,(z) 
system these boundary conditions become 
7 —~e © 


=f, (aconstant) f’—0 
0 6—0 
= | 


In Equations (10), the boundary condition f = f, (a constant) 
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was applied to preserve the z independency of Equations (1), (2), 
and (7), as necessary for similar solutions. The specific form of 
the required blowing distribution then results from Equation (7) 


as 


vy (Gr\'* 
( ) (n + 3)f, 11) 
x 4 


From Equation (11), we see that v,(z) is dependent on z in the 
power law fashion 


(12) 


In forced convection the blowing rate distribution is also of power 
law form, but there the particular power depends on the pressure 
gradient and not on the wall-temperature variation [3]. From 
Equation (12) a uniform wall-temperature plate requires a blow- 
ing distribution v, « «~'/*, which is infinite at the leading edge. 
This is in the nature of similar solutions, however, and it is gen- 
erally felt that such inadequacies can be tolerated and the 
methods will still. give accurate results sufficiently far from the 
leading edge. 

The heat transfer and skin friction, as usual, are readily in- 
terpreted in terms of boundary conditions on @ and f as 


x f(2)’ 


e 
__ (v\* (Gr\* 

O® 
As seen from Equation (11), the case of suction corresponds to 
f. > 0 and the case of blowing to f, <0. For very large suction 
rates the velocity u becomes small compared to v so that the 


momentum equation drops out (convection in the z-direction is 
no longer important) and the energy equation reduces to 


0” + (n + 3) Prf,0’ = 0 


~9'(0) 


= f"(0) 


(15) 
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with the boundary conditions 


7=0 


= 1 


7 —_> @ 
6—0 (16) 
Equations (15) and (16) admit the simple analytical solution 

O = e-MtOPri a 


(17) 


from which by differentiation the wall heat-transfer parameter 


Gr\'/ 
su/() = (n + 3) Prf, 


(18) 


is found. This result is expected to be true for large positive 
values of f, only, but exactly how large f, must be can be found 
only from a complete solution of Equations (1) and (2). 


Solutions 


Experimentally, it would at first appear that the most tractable 
system is probably that providing a constant blowing rate. 
However, according to Equations (12) and (4), this case requires 
a wall-temperature variation proportional to z and, as can be 
shown from an energy balance between the heat conducted in 
the fluid toward the wall surface and the heat convected with the 
fluid out of a section of wall, a coolant temperature variation also 
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Fig. 4 Temperature profiles, uniform wall temperature, Pr = 0.73 


262 / auGust 1960 


Transactions of the ASME 





proportional to z. Therefore it was decided arbitrarily to con- 
sider the constant wall temperature case (n = 0) for which the 
energy balance requires a locally constant coolant supply tem- 
perature. 

The information desired from a solution of Equations (1), (2 
and (10) is essentially f’(), 0), f’(0), and 6’(0) giving the com- 
plete velocity and temperature profiles and the skin friction and 
heat-transfer parameters. 

Solutions to the equations for constant wall temperature and 
Pr = 0.73 were obtained numerically on a Univac Scientific 1103 
digital-computer for several values of f,, ranging from strong suc- 
tion to strong blowing. The method used was essentially one of 
st:ecessive approximation applied to integral equations derived 
from Equations (1) and (2). The method is similar to that des- 
cribed in [2], although less detailed. 

Values of f’(0) and @’(0) correct to three significant figures are 
shown in Table 1 as a function of the parameter f,. Thesame in 
formation is graphically portrayed in Fig. 2. The interesting 
conclusions to be noted from these data are: 


1 The skin friction is only slightly affected by the mass trans- 
fer 

2 The effect of mass transfer is most pronounced on the heat 
transter. 

3 The heat transfer is essentially zero at f, = —1.0 and ap- 
proaches closely the asymptotic suction value [equation (18) with 
n 0} for f, > + 1.0 


Table 1 Skin friction and heat-transfer parameters 


f"(0) —6'(0) 
0.409 2.192 
0.446 1.994 
0.488 798 
0.530 .606 
0.573 .420 
0.611 .241 
0.644 072 
0.668 912 
0.681 .764 
0.684 .629 
0.674 507 
0.654 399 
0.627 305 
0.557 .162 
0.476 .0725 
0.399 0264 
0.336 00748 


The velocity and temperature profiles for selected values ‘of f 


are presented in Figs. 3 and 4. Physical reasons for the be 
havior of the skin friction and heat-transfer coefficients shown in 
Fig. 2 are easily deduced from Figs. 3 and 4. 


is provided ( f, 


As stronger blowing 
0), the heated fluid is pushed farther from 
the wall where the buoyancy forces can act to accelerate the flow 
with less influence of viscosity due to the presence of the wall 
This effect acts to increase the shear by increasing the maximum 
velocity within the boundary layer. On the other hand, the 
the maximum velocity point is moved farther 
The 
latter effect predominates slightly resulting in a small decrease in 
the wall shear for increasing blowing rates. 


position of 
from the wall which effect acts to decrease the wall shear. 


For suction the same 
principles are in operation but acting in the reverse direction 
viz., the maximum velocity decreases but at the same time moves 
closer to the wall as increasing suction is applied. Because of this 
complicated interaction the point of maximum shear interestingly 
occurs at a slightly positive value of f,, (suction). 

The behavior of the heat-transfer parameter is much as one 
would expect: For blowing, the exuding gas forms a buffer layer 
against which heat must travel by conduction resulting in a drop 
in the heat-transfer coefficient. For suction, the opposite effect 
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occurs, the fluid at the ambient temperature being brought closer 
to the surface resulting in an increase in the heat transfer. With 
increasing suction the upward velocity in the boundary layer 
contributes less and less to the transfer of heat with the heat 
transfer approaching the asymptotic suction value as a result. 

The value of f,, at which the full equation [Equation (2)] re- 
duces sensibly to the asymptotic equation [Equation (15)] can 
now be found. Adopting a 5 per cent difference as a criterion, one 
finds from Table 1 that the heat transfer is predicted by Equation 


18) for values of f,, > 0.68, approximately. From equation (11), 


> 1.44 Gr'’*, for the range 


lalate | vr} 
this criterion can be restated as | — 
v 


' 
in which the asymptotic relations hold. Of course, no similar cri- 
teria can be advanced with regard to the skin friction. 


Acknowledgment 


The author gratefully acknowledges the efforts of Mr. W. M. 
Minkowyez who obtained the numerical solutions presented 
herein. 


References 


1 E. M. Sparrow and J. L. Gregg, ‘Similar Solutions for Free 
Convection From a Nonisothermal Vertical Plate,’’ Trans. ASME, 
vol. 80, 1958, p. 379. 

2 E. R. G. Eckert, P. J. Schneider, A. A. Hayday, and R. M. 
Larson, “Mass Transfer Cooling of a Laminar Boundary Layer by 
Injection of a Light-Weight Foreign Gas,’ Jet Propulsion, vol. 28, 
1958, p. 34 

3 J.P. Hartnett and E. R. G. Eckert, ‘‘Mass-Transfer Cooling in 
a Laminar Boundary Layer With Constant Fluid Properties,” 
Trans. ASME, vol. 79, 1957 p. 247 


An Interferometric Method of Studying 
Boundary Layer Oscillations 


J. P. HOLMAN, ' H. E. GARTRELL,’ ano E. E. SOEHNGEN® 


Bounpaky layer oscillations and their effects on transition may 
be studied by imposing a controlled disturbance on the boundary 
layer flow and then observing the oscillations due to this dis- 
turbance. A method for conducting such studies in free con- 
vection boundary layers is described in this note. A thin wire, 
0.001 in. in diameter, is placed in the boundary layer near the 
leading edge of a heated vertical plate. The wire is then pulsed 
with an electrical signal which heats it periodically according to 
the pulse frequency in the external circuit. This periodic heating 
generates oscillations in the boundary layer. A typical boundary 
layer wave resulting from the pulses is shown in Fig. 1 as viewed 
with an interferometer. 





The boundary layer waves may be observed with motion-pic- 
ture photography to examine the nature of the oscillations in de- 
tail. The wave parameters which are of interest are (a) wave 
amplitude; (6) wave length; (c) wave speed 
energy. The amplitude may be measured as 


and (d) wave 


@ = (Ymax — Ymin)/2 (1) 


where ypex is the distance from the wall to the maximum point in 
a particular isotherm and yj. is the distance from the wall to the 
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Fig. 1 





















































04 06 


d/5, 


Fig. 2 Wave energy parameter, 1.5 cps pulse frequency, 0.078 sec 
pulse duration 


minimum point in the isotherm. The amplitude is thus deter- 
mined for each isotherm and its variation through the boundary 
layer may be studied. 

The wave length may be measured by measuring the distance 
between the maximum points in each isotherm. The wave speed 
is calculated by following the movement of the wave through 
several frames of the motion picture record. The boundary layer 
frequency may be defined as 


c/X (2) 


where c is the observed wave speed and X is the observed wave 
length. Detailed results of the variation of these quantities are 
given in reference [1].‘ 

The wave energy may be determined in an analogy to a one- 
dimensional sound wave. Then the intensity of the wave, or the 
energy flux per unit area, per unit time, is given by 

E., = '/spew*a* (3) 
Noting that the pressure in the boundary layer is constant and 
that the temperature variation is probably of the same order as 
the experimental error in determining the wave parameters, the 


* Numbers in brackets designate References at end of paper. 
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Typical free convection boundary layer wave 
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Fig.3 Wave energy parameter, 1.0 cps pulse frequency, 0.078 sec pulse 
duration 


grouping which may be chosen to represent the wave energy is 
Awia* (4) 


Thus, in the crude analogy, the wave energy varies with the cube 
of the frequency and the square of the amplitude. Some values of 
the wave energy parameter are shown in Figs. 2 and 3. 6, 
the steady-state boundary layer thickness. For the results shown 
in these figures the pulse wire was located at a distance of six 
inches from the leading edge of the plate. A discussion of these 
results and some other measurements is given in reference [1]. 
Motion pictures of the boundary layer oscillations are available 
from the authors. 
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